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Abstract

We study the moral hazard problem with general constraints on how little or
much the agent can be paid as a function of output. We provide a characteriza-
tion and existence result using only very simple methods. In the dual problem
of minimizing costs for a given effort level, a constraint that harms the principal
will always result in a contract that pays according to the constraint on some
range of outcomes. For the case of a simple fixed minimum feasible payment,
the resultant contract will be option-like. We show how the “strike price” and
intensity of incentives once the strike price is exceeded vary in the minimum pay-
ment and the outside option of the agent. When the principal can also choose
the effort to induce, then, even if the constraint harms the principal, he may
optimally choose a contract that never pays the minimum (or maximum). We
show that this can only occur if the problem without the payment constraints
fails a form of concavity.

1 Introduction

The moral hazard problem is central to economic theory. Important early references
include Ross (1973), Mirrlees (1976, 1999) and Holmstrom (1979). In most standard
analyses of the moral hazard problem, the principal can use arbitrarily large carrots
and sticks as motivational tools. Real life situations often seem to be different. For
example, there seem to be significant constraints on how little one can pay an agent.
The agent may have limited liability, so that penalties are limited by a wealth con-
straint - the new CEO of a major firm can hope to earn hundreds of millions if the
firm does well; it would be rare for her to be able to make payments of the same
magnitude if the firm does poorly, and rarer still to see a contract which actually
specified that she do so. There may be a minimum legal wage even to sales em-
ployees with high expected commissions. Tax law may treat positive and negative
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payments asymmetrically or mandate that employees who can receive negative pay-
ments be treated under different rules than those who will not. Social norms may
introduce effective lower bounds on payments. It may be felt that credit constrained
employees need to maintain a certain standard of living (for the image of the firm,
or to protect them from the temptation for malfeasance) in the potentially very long
period between effort and the realization of the outcome of that effort. A firm that
has an employee working on salary and considers adding an incentive component may
feel constrained by issues of morale from simultaneously lowering the base salary.

More complicated lower bounds can be relevant. As a matter of practice, it may
be that previously granted stock based compensation to a manager cannot be revoked,
and is thus a lower bound on feasible payments. Ex-post hold-up may make contracts
that give a manager less than some fraction of the firm infeasible. Public perception
may make it infeasible not to make bonus payments to a scientist who comes up with
a block-buster idea.

There are also highly relevant upper bounds on payments. It is typically infea-
sible to pay a manager more than the total value of the firm. A firm may not feel
able to offer sales employees contracts under which they might earn more than their
supervisors. Faculty salaries may be constrained by the government or the board of
trustees. Not-for-profits may feel public pressure not to over-pay. As an example with
both lower and upper bounds, Swedish labor law during much of the 1980’s specified
bands for pay for given professions, but allowed variation within those bands.

We explore the effect of these extra constraints on the structure of optimal in-
centives. Beginning with the standard moral hazard problem with a risk neutral
principal and risk averse agent, we add an extra constraint M specifying how much
or little can be paid as a function of output.

We begin with the simple case where M is simply that payments must always be
at least some m. This might be a minimum wage, or a limited liability constraint for
a manager. We start with the dual problem of minimizing costs for given effort level
e. If the optimal contract implementing e without M is infeasible given m, then the
optimal contract implementing e given M will involve an interval of low outcomes
over which only m is paid. Thus, there is the flavor of an option to such contracts.

Over its non-flat range, the optimal contract m,, takes the familiar form

IS A )

! (T () f(zle)
where f(x|e) is the density of x given e, fe(z|e) its derivative with respect to e, and
A and p are the Lagrange multipliers (in general different than in the absence of M)
of the Individual Rationality (IR) and Incentive Compatibility (/C') constraints.

This is certainly the natural guess as to how the contract should look given M.
It results from pointwise maximization of the appropriate Lagrangian. We provide
a mathematically complete and self contained proof of characterization, uniqueness
and existence of this solution (in either the constrained or standard cases) using only
very accessible methods."

(1)

! Thus, we deal with the continuum outcome space and the continuum of contraints implicit in M



The proof first shows by a simple variational argument that satisfying IR, IC' and
M and being of the form described above is sufficient for a contract to be the unique
optimum. But then, existence of an optimal contract (and necessity) can be rephrased
as simply asking whether there are A and p such that the contract implicitly defined
by (1), truncated at m, satisfies IR and IC. Instead of a potentially non-compact
function space, existence thus reduces to thinking about two numbers. It thus uses
nothing technically more demanding than the intermediate value theorem, and does
not rely on the sort of a priori restrictions to contracts used by Holmstréom (1979)
or Page (1987).2 This seems like an idea with broader applicability.

Many real world contracts do involve an option-like flavor. Sales people are often
paid a base salary plus a commission on sales, but only if sales exceed a basic level.
Authors are paid a royalty per copy of the book sold, but with a non-refundable
advance. Middle managers often receive bonuses based on performance, but only if
past performance is exceeded. Senior managers typically receive options marked to
the current stock price. These contracts are a puzzle, given that optimal contracts in
the standard model are strictly increasing. So we think that the fact that optimal
contracts in our setting can have option-like features is of practical interest.

With a lower bound on payments, the Individual Rationality (/R) constraint need
not bind. This seems correct in many real-life cases, as for example for many CEQ’s.?
When IR does not bind, then the flat region is very considerable. In particular, no
performance based pay should be given at any output below z}, the point at which
F.(z|e) is most negative. So for example consider firms which add incentive pay to
the already established compensation of existing managers (so that IR is already
satisfied). These firms should only reward stock prices above x}, a number which one
would not expect to be much below the current stock price for a typical healthy firm.
In particular, offering pure stock to such employees makes little sense.*

We next derive comparative statics in the underlying parameters of the problem.
We begin with how 7, varies in m for given e. For low levels of m, IR will bind
at the cost minimizing solution. We show that for such m, a small increase in m
results in a contract which is flat over a sufficiently long range that the agent is paid
less over a range of outcomes. However, at high outcomes, incentives become more
intense. So, the agent is rewarded over a smaller range of outcomes, but rewarded
more aggressively in that range. When m is high enough, IR does not bind. A further

without either imprecision or advanced technique.

?Grossman and Hart (1983) prove existence with a finite number of outcomes. An existence
proof for the standard case with a continuum of outcomes but without payment constraints has been
recently provided by Carlier and Dana (2004), who start from a proof of monotonicity based on a
super-modular version of the Hardy-Littlewood inequality.

A key assumption for our existence result is that % is bounded from below. This is what rules
out the well known Mirrlees counter-example (1999, Theorem 1).

# Managerial entrenchment (as in Zwiebel (1996)) may also encourage payments beyond the outside
option.

*Kadan and Swinkels (2005) argue that in a world of simple contracts with limited liability and a
non-binding IR constraint, only firms with significant bankruptcy or other non-viability risk should
find stock better than options in providing managerial incentives. They show empirically that higher

bankruptcy risk is in fact correlated with more prominent use of stock.



increase in m will then result in the agent being paid more at all outcomes.

Thus, think about a retail chain that pays its employees a base salary equal to
the minimum wage plus a percentage of sales above some threshold. If IR is binding,
so that retention is a key issue, then an increase in the minimum wage m should
result in a higher threshold above which sales commissions are paid, but a larger
percentage after the threshold is reached. If retention is not key, then an increase in
the minimum wage results in the worker being better compensated at all sales levels.’

For many employees, incentives take the form of promotions. A change in the
minimum wage will typically require changes in pay at other levels as well. So, in
considering the effects of a change in the minimum wage, it is not enough to look at
what happens only to the pool of workers who are paid the minimum.

If the IR constraint is binding for a manager receiving stock based incentive pay,
then an exogenous increase in base salary (for example, one that is company wide)
will result in only the base salary being paid for a larger range of stock prices. But,
for stock prices above the new threshold, compensation will be more sensitive. With
simple stocks and options, this translates to an increase in both the strike price of
the options and the number of options granted. If IR is not binding then the new
optimal contract pays the manager more at every stock price.

Next, we study how the optimal contract for given effort level e varies in the
agent’s outside option ug. A small increase in g is irrelevant when IR is not binding.
For relatively low (but binding) levels of the outside option, the agent will be paid
more than m only at fairly high output levels (above x}). If ug is then increased by a
little bit, the resultant contract pays above m at somewhat lower outputs, but does so
less aggressively, so at very high outputs, the agent is actually paid less than before.
Loosely, the manager receives fewer options, but with a lower strike price. At higher
levels of the outside option, the agent will already be receiving payments above m
at outputs below x}. In response to a further increase in wg, the agent will be paid
strictly more at all outputs above z}. Below 2}, things become more complicated.
One possibility is that he will be paid more at all outputs below x} as well (the strike
price is further reduced). But, depending on the parameters, it can also be that
payments are in fact reduced on some interval to the left of z7.

Comparative statics for each of m and wug rely on no structure beyond that of the
standard problem. But, when one turns to comparative statics in e, the problem turns
out to be substantially more complicated. As m and wug vary, holding fixed e, one is
working within a fixed statistical environment. But, as e changes, the information
contained in various outputs changes as well. We show (demanding) extra conditions
under which some comparative statics results can be obtained.

We next turn to the primal problem in which e is also a choice variable. Here we
have something of a surprise: even if M binds in the primal problem (it makes the
principal worse off ), it may not bind in the dual cost minimization problem for the
e the principal optimally chooses given M. So, absent limited liability, the optimal
contract might specify that a sales person give the firm $10,000 in periods where

®One must be somewhat careful: the result just described is for a given e, and e might optimally
adjust as m changes. We discuss these difficulties below.



sales are poor. But, if legal constraints restrict payments to be non-negative, the
best contract may be one that never pays less than $20,000 per period.

This anomaly is tightly related to the potential non-concavity of the standard
primal problem. Recall (Grossman and Hart (1983)) that if one plots the net payoff
to the principal of optimally inducing each effort level, the resultant function may or
may not be single peaked.> We show that if it is single peaked, then the principal,
faced by M will optimally choose an effort level so that M continues to bind for the
relevant cost minimization problem. So in particular, an option-like contract will
obtain even when the principal adjusts the effort level.

Both the negative and positive aspects of this result are important. In many
economically interesting environments, single-peakedness fails. So, it is of practical
importance that simply observing that a worker is never paid the minimum wage does
not imply that the minimum wage was irrelevant in determining the compensation
of that worker. And, in such settings, small changes in the minimum wage can
have discontinuous effects on outcomes. On the other hand, there are also many
economically interesting environments where single-peakedness is satisfied. For such
settings, our results tell us that we can conclude that the minimum wage was in fact
irrelevant for that worker and his employer.

Next we turn to the case in which M consists of general lower and upper bounding
functions. These are restricted to be non-decreasing and piecewise differentiable. As
we have argued, such constraints seem of substantial practical interest. We allow the
constraints to take values in the extended reals, so that special cases are when only
one constraint is relevant, or in fact, neither, so that one is in the original Mirrlees -
Holmstrom world.

The cost minimizing contract again takes the form of (1) censored by the relevant
constraints. The proof of sufficiency is a simple extension to the argument for the
simple minimum payment constraint. Existence is more involved, but comes down
to the same basic intermediate value theorem argument as before. The difficulty lies
in being sure that as p becomes large, incentives are indeed adequate. This is less
obvious than before: given the upper and lower payment constraints, an arbitrarily
large p need not imply arbitrarily large incentives. On the other hand, upward-sloping
minimum and maximum payment constraints can already impose positive incentives
when g is 0. We discuss how this can complicate the problem, and identify sensible
conditions under which things are well behaved. We show that in the dual problem,
a binding M always implies a region over which payments are equal to the minimum
or maximum possible. Given the general nature of M, this region need not be, for
example, an interval. We provide a brief discussion of comparative statics. Finally,
we show that once again, single-peakedness of the unconstrained problem is enough
to ensure that if the principal is hurt by M, then either the minimum or maximum
is indeed sometimes paid.

Several previous papers address variants of the moral hazard problem with a

This is true even when the agent’s problem is well behaved, and, so, for example the first order
approach (Rogerson (1985), Jewitt (1988)) to analyzing the agent’s problem for any given effort level
is valid. One source of this difficulty relates again to the fact that the information inherent in output
varies with effort.



limited liability constraint. Most directly, Holmstrom (1979) introduces (inter alia)
upper and lower bounds on feasible payments to avoid non-existence of a solution, and
argues that optimal contracts will be a (possibly) censored form of the A, o contract
in Equation (1). One contribution of this paper is to provide a simple existence proof
that does not rely on these a priori restrictions to contracts, and a complete but
elementary proof of this characterization.

Sappington (1982) characterized the optimal contract in a setting where the agent
is risk neutral, and decides on his action only after the state of nature is realized.
Risk aversion plays a major role in our results, and the agent chooses his action prior
to the realization of the state of nature, just as in Mirrlees (1976) and Holmstrom
(1979).

Innes (1990) studies a version of the moral hazard problem tailored to the analysis
of lending contracts. A risk-neutral borrower designs a contract under which to
borrow from a lender. Assuming limited liability and monotonicity of the contract,
Innes shows that the optimal contract takes the form of a standard debt contract.
Matthews (2001) shows that debt continues to be optimal with risk aversion if one
restricts attention to simple monotone contracts and if one allows renegotiation of
the contract after effort is chosen. Dewatripont, Matthews and Legros (2003) extend
this to a setting in which effort is observable but non-contractible. In our paper we
follow the standard Mirrlees - Holmstrom setting: the agent is risk averse, there is
no a priori restriction to monotone contracts, and there is no scope for renegotiation
to mitigate risk.

We are unaware of previous work that characterizes the way in which incentive
contracts vary as, for example, the minimum wage or the outside opportunity of the
agent varies, or that looks at the interplay between the constraints imposed and the
optimal choice of effort.

The next section introduces the model. Section 3 studies the simple but econom-
ically important case in which the only constraint on payments is a constant lower
bound. Section 3.1 studies the dual cost minimization problem for a fixed effort level.
Sections 3.2, 3.3, and 3.4 study the comparative statics of the cost minimization prob-
lem as the minimum payment, outside option, and effort level change. Section 3.5
studies the primal problem when both the contract and the effort level are chosen
optimally. Section 3.6 discusses the difficulties of comparative static results in the
primal problem. Section 4 studies the general problem in which there are arbitrary
lower and upper constraints. This section follows the same internal structure as
Section 3.

Many of the results in Section 3 are subsumed by more general results in Section
4. We thus concentrate in Section 3 on intuition and economic interpretation. An
appendix contains proofs.

2 Model

A risk neutral principal employs a risk averse agent. The agent has utility u(w)
over her final wealth w, where u(w) is twice continuously differentiable, with ' > 0,



u” < 0. The agent chooses an effort level e € [0, €], unobservable to the principal. The
cost of effort to the agent is c(e), twice continuously differentiable, with ¢/(e) > 0 for
e > 0and ¢’(e) > 0 for all e. Utility is additively separable: the agent’s net utility is

u(w) — c(e).

An outcome z € [0, 7] is realized according to F'(z|e), where F(|-) is twice continu-
ously differentiable.” The density of F'is f. Assume that f(x|e) > 0 for all z and e.®
As f is continuous, f(z|e) is uniformly bounded from zero. Since fe(x|e) is contin-
uous it is bounded and so fe(z|e)/f(x|e) is also bounded. This is key, as existence
can otherwise fail. For example, if fe(z|e)/f(x|e) tends to —oco as x — 0, then one
can use near forcing contracts (see Mirrlees (1999)).

The Domain of the Utility Function: The domain of u is D, an interval in R,
with d = inf D and d = sup D. Note that d = —oo is a possibility, and d = oo will
in fact typically be the case. It may be that u(d) or u(d) is undefined. An example
is u(w) = In(w), for which d = 0 and d = co. However, since u and v’ are monotone,
limy, | g w(w), limy, | g v’ (w), lim,,;gu(w), and lim,,,gu'(w) are well defined. Write u(d),

u'(d), u(d), and u'(d) for these limits.

Monotone Likelihood Ratio Property (MLRP): We require that for each e,
% is strictly increasing in x on [0, z].” It follows that F.(z|e) < 0 for all z € (0, Z),
so that raising e moves the distribution of x in the sense of First Order Stochastic

Dominance (FOSD).

fe(zle)

» flzle)
point by z%. This is also the point at which fe(z|e) crosses 0 (from below). Thus, x}
is the point at which F¢(x|e) is most negative, and so can be thought of the point at
which additional effort has its greatest effect. This will be key in what follows.

Maximal Impact: For each e crosses 0 exactly once.'® Denote this crossing

Compensation: The agent is compensated according to 7(x). Let

Ur,e) = / u(r(z)) f (zle)d,

where any integral without delimiters is taken to be from 0 to . The agent’s net
utility is U(m, e) — c(e).

Minimum Payment Constraint: We first study the simple case in which there
is a constant lower bound on payments. This case arises naturally in many settings,

"Letting Z = oo adds technicalities but not insight.
8This rules out forcing contracts.

9The analysis would carry through with some complications if MLRP held weakly, but f;((f:l‘:)) >

f;(%)‘lee)), and if we allowed jumps in ’;f((;‘f)) This would allow one to imbed a finite signal space.
10T his follows by MLRP since E <J;f((f“:))) —0.



simplifies arguments and intuitions, and allows for several results not available when
M is arbitrary. Thus, there is an m such that

m(x) > m V. (M)

We assume that u(m) > —oo (this is generalized in Section 4).

Participation Constraint: The participation constraint is

U(m,e) —c(e) > up, (IR)

where ug is the outside option. Given M, IR may or may not bind.!!
The First Order Approach: The full incentive compatibility constraint is

e € arg Am[%x] (U(m,é) —c(é)). (ICF)
éclo,e

Following Rogerson (1985), replace IC'r by
Udm,e) > (o). (10)
So, replace IC i by its first order condition and then relax equality to weak inequality.

Convexity of the Distribution Function (CDFC): We will argue shortly that
when one uses IC instead of ICr, IC will bind, so that

Ue(m,e) = c(e). (2)

We need to know that the first order condition (2) is sufficient for the agent to have
chosen e optimally. For non-decreasing contracts, one way to ensure this is to impose
Convezity of the Distribution Function (CDFC) so that Fee(x|e) > 0 for all x and e.
Thus, there are decreasing returns to effort as measured by Fe(x|e) (which, recall, is
negative).12

Lemma 1 For any non-decreasing piecewise differentiable contract w, the solution e
to (2) is the unique optimal effort for the agent.

To see this, note that

Ud(r,€) = / w(r (@) fo (2e)d.

"'n the standard setting, if TR does not bind, one can lower utility at all outcomes by some &,
saving money and leaving IC' unaffected. With M, this may be infeasible.

'2When M binds, there will typically be an upward kink in 7, and therefore u(m), where the
contract transitions from paying m to paying more than m. So, the conditions of Jewitt (1988) do
not directly apply. It of course remains the case that while CDFC is sufficient, it is far from necessary.




and so, if 7(z) is continuous and piecewise differentiable,'® then by integration by
parts,

Ue(m,e) = —/u'(w(x))w’(az)Fe(az|e)daz. (3)

So, incentive intensity depends on how much utility is affected by changes in z
(u/(7(z))7’(x)) and by how much effort affects the probability of a outcome below z
(Fe(zle)). But then,

% (Ue(m,e) = (e)) = — /u’(ﬂ(az))ﬂ/(a:)Fee(x]e)dx —e) <0

since each of ¢/, F,., ' and 7’ is everywhere non-negative.

The Principal’s Maximization Problem: Let

B(e) = /xf(a:|e)da:

be the expected gross benefit to the principal of effort level e, and let

C(m,e) = /w(w)f(m|e)dx

be the expected cost incurred by the principal given contract m and effort e.
Let P (for Primal) be the problem:

max B(e) — C(m,e) (P)

e

s.t. IC, IR, and M.
Let D be the dual cost minimization problem for given e.

min C (7, e) (D)
s.t. IC, IR, and M.

Define Dp (F mnemonic for Full) as D with IC replaced by ICk.

The Standard (Unconstrained) Problem: Let Pg and Dg (S mnemonic for
“standard”) be the primal and dual problems without M. Let mg = mg(e) be the
solution to Dg for given e. Then, for e > 0, mg is implicitly defined by

1 B fe(zle)
0TS o) @

uw (mg(x

where A\g and pg are strictly positive Lagrange multipliers (Holmstrom (1979)).

A useful lemma in what follows is:

13Here and in what follows, we shall mean differentiability on each member of a finite collection
of intervals having union [0, Z].



Lemma 2 In the standard problem Dg, As and g are implicitly defined as contin-
wously differentiable functions of e. Hence, the minimized cost of effort

Cs(e) = C(ms(e),e)
18 continuously differentiable in e.

The key to this result is that in the standard problem the set of active constraints
does not change as e varies. This ceases to be true in the case of general payment
constraints.

3 Analysis of the Problem with a Constant Minimum
Payment Constraint

We analyze the problem in three steps. First, we study the dual problem D in which
costs are minimized for given e. We show existence and uniqueness of the solution to
D and derive the option-like form of the optimal contract. Second, we study how the
cost minimizing contract varies with m, the outside option ug and the effort level e.
Finally, we study the primal problem in which e is chosen optimally as well.

For this section we assume that lim,, o, u(w) = co. We generalize this in Section
4.

3.1 The Cost Minimization (Dual) Problem

Our first task is to derive a basic characterization of the solution to D. The form
of the contract we derive (here and in Section 4) is obvious in the sense that it is
what one gets by a simple pointwise optimization of the obvious Lagrangian. But,
the problem is not really amenable to elementary Lagrangian techniques, because
M is a continuum of constraints.!* Even in Dg there are some messy and not very
accessible details in applying Lagrangian techniques when x can take on a continuum
of values (see, e.g., Luenberger (1969), Ch. 9).!> There also remains the question
of whether an optimal solution exists in such a setting.' The approach we follow is
simple, facilitates our subsequent analysis, and helps reveal the underlying structure
of the problem.

Definition 1 For given A € [0,00) and pu € [0,00), let the contract my , be defined

implicitly by (el
1 e 1 fe(zle
@) {w<m>’A T s ale) } |

" One thought is to replace 7(x) in Dg by #(z) = max(m,n(z)). But, this is not differentiable
in 7(z). Further, the derivatives of both constraints are zero when 7(x) < m, and so constraint
qualification fails.

!5 Another route starts from finite approximations to [0, Z], uses the standard form of the Kuhn-
Tucker theorem and takes limits. But then, one has to deal with constraint qualification, with all of
the standard issues when taking limits of functions, and, most critically, with existence.

'5Grossman and Hart (1983) work in a discrete setting. With a continuum of outcomes, existence
is hard even in the unconstrained problem Dg. See Carlier and Dana (2004).

(5)

10



m is governed by A + u];f((g'ﬁ':)) but censored from below by u,l 17

(m)”

That is,

N

Proposition 1 Fiz e > 0 and m with u(m) > —oco. A contract is optimal in D if
and only if it is of the form 7'(')\#18 for some A >0 and p > 0 where

U(7T)\”u, 6) > c(e) “+ ug (6)
Ue(mrps€) = d(e)
A(U(map,e) —cle) —ug) = 0.

Moreover, A and p that satisfy (6) exist and are unique.

The proof has two parts. First, we show sufficiency and uniqueness: if there exist
A and g such that my , satisfies (6) then 7y , is the unique optimal contract in D.
Next, we show existence: such a pair A and p actually exist. Existence together with
uniqueness imply necessity. The next two subsections sketch each part. The appendix
proves the analog to this result with general payment constraints (Proposition 11).

Sufficiency and Uniqueness: Assume that A > 0 and p > 0 are such that ) ,, sat-
isfies (6). Assume there is 7 which differs from ) , on a positive measure set, satisfies
IR, IC and M, and is weakly cheaper than 7y ,. We will derive a contradiction.

Let 7¢ be implicitly defined by

u(m®(2)) = (1 = &) u(mau(@)) + eu( (2)). (7)

So, 7¢(x) is the certainty equivalent of a (1 — ¢, €) lottery between 7y , () and 7 (z).
Note that o (2) .

e (x .

e = e F(a) — ulma (@) ®)

Since the agent is risk averse, it is thus straightforward that 7°(x) is convex in €, and
strictly so if my ,(z) # 7(x). So C(n%,e) (which equals [7¢(z)f(x|e)dx) is strictly
convex in €, using that 7y , and 7(x) differ on a positive measure set. Thus, since
C(m,e) < C(mapue),

oC (7%, e)

9 < 0. (9)

e=0

Anywhere that 7y ,(z) = m, w(7(x)) — u(my.(x)) > 0 (since 7 satisfies M), and
thus by (5)

! ~ = ; u(m(x)) — u(m T
() E@) —ulmau(@))) = (u(F(2)) = u(mru(x)))

u'(m)

fe($|6)> .
> A ——— ) (u(7(x)) —u(myu(x))).
> (3 ud) (e - utm (@)
"For u(w) = /w, u/;(o) = 0. In this case, interpret m = 0 as implicitly defining 7(z) = 0,
and analogously in other cases. We are formal about this in Section 4.
8Here and in what follows, we ignore differences on sets of measure zero.

11



The inequality is trivially an equality elsewhere. Thus,

oC (7=, e)
Oe

I sCIER

e=0 e

_ / % [w(F () — u(mru(@))] f(x]e)da

Tau())

flele)Y | -
> [ (v ndd) w6 @) - o) falerde 10

Term A must be non-negative, since either A = 0, or IR was binding at 7 , and
so 7 must give at least as much utility as 7 ,. Similarly, Term B reflects the change
in incentives provided by 7 versus 7 , and so is also non-negative. This contradicts
(9). So, ), is optimal and uniquely so.

Existence: Now, let’s sketch a proof that there exist A > 0 and p > 0 such that
7, satisfies (6). This is a simple application of the intermediate value theorem.

For any given p, U(my ,,e) is continuous and strictly increasing in A unless 7y ,, =
m. And, since lim, o u(w) = oo, if one chooses A large then IR will be slack. So,
for any p > 0 define A(u) such that 7y, , satisfies IR exactly, or, if such a A(u) >0
does not exist, set A(x) = 0. This is well defined and continuous.

For y = 0, my(),0 is flat and hence provides no incentives (Ue(mx(0),0,€) = 0).
We will argue that as u grows large, IC is slack at my(,) ,. By the intermediate
value theorem, IC is then satisfied with equality for some intermediate pu*, and the
resulting pair (A(u*), u*) satisfies (6). Note first that as p tends to infinity while
holding A = 0, the resulting contract gives utility u(m) > —oo where fe(xle) < 0

(since then uj;e((xﬁl:)) <0< m) and utility that diverges at any = where fe(x|e) > 0.
Hence, for large enough u, both IR and IC are slack at 7r07u.19 Since IR is slack for
such a p, AM(un) = 0, and we are done.

A Useful Picture: Figure 1 shows mp, in two separate graphs. The top graph
plots payments against outcomes. The bottom graph plots m against J;Z"((;‘:)).

Since J;f((_'||:) and u%() are strictly increasing this is a re-scaling. By definition =} on

the horizontal axis of the top graph is translated to 0 on the bottom graph.

In the bottom graph, contracts have precisely the form of an option - a flat region
and then a linear portion with slope u > 0 and intercept A > 0. As drawn, A =0
and so to the left of x}, the contract is constant at m, while to the right of z7 (where
fe/f is positive), payoffs and hence incentives diverge in p.

YHere and in what follows, we ignore differences on sets of measure zero.
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Figure 1: Two pictures of m . For sufficiently large p, A(x) = 0, and so this is also

TNt
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The Full Problem: It is easy to see that we have actually solved the full problem
Dp. Let p,, and A, be such that my,  , is the unique optimal contract for D given
m and e. For brevity denote m,,, = 7

mo Mo, *

Corollary 1 7, is the unique solution to Dp.

Proof: By Proposition 1, 7,, is continuous, piecewise differentiable and non-decreasing.
From (6), IC holds with equality, and so from Lemma 1, 7, implements e and is thus
feasible in Dg. Since D is the unique solution in the relaxed problem D, a fortiori it
is unique in Dp.

The “Strike Price”: For given e > 0 let &, be the boundary point between the
flat and increasing portions of my,.

T = inf{z € [0,Z] : mp(z) > m}.

Intuitively, Z,, is like a strike price. Above the strike, i is a measure of how big a
share of output the agent receives, and hence of the intensity of incentives.

When Does M not Matter? Imagine that it turns out that &,, = 0. Then, not
only is 7, optimal subject to M, but without M as well. That is m,, = mg. The
intuition is that (except possibly at the single point 0), both increases and decreases
in payments are feasible. So, m,, satisfies first order conditions even in a world where
M is ignored. Formally:

Proposition 2 For any m and e, if ,, = 0 then w,, = wg. Thus if g is infeasible
given m and e then Ty, > 0.

The second part states that if mg specifies payments below m, then 7, will have
a non-trivial interval over which m is paid. This simple observation is key: if M
binds at e > 0 in that it makes the standard solution infeasible, then on a positive
lengthed interval, m,, will specify the minimum feasible payment. We shall see that
in P (where e is chosen as well), these two notions of “binding” may not agree.

A Non-binding IR: Given M, it may well be that IR is slack at the optimal contract.
An easy but important implication of IR not binding is that payments must be flat
everywhere up to z}. Formally,

Corollary 2 If A\, =0 (as it will be if IR is slack) then T, > x}.

This is obvious, since when A, = 0 then for x <z}, A + ,u%f‘lg < 0. By (5) this
implies w(z) = m.

This has relevance for real world practice. For a typical mature firm it seems likely
that x}, the stock price where the cumulative is affected the most by incremental
managerial effort, is unlikely to be much below the current stock price: it seems

unlikely that the primary impact of incremental effort by the management of, e.g.,
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Proctor and Gamble is on whether their share price will fall by half in the near
future. Then, if the current compensation package has IR not binding and gives
any stock based compensation below x}, it is sub-optimal. On the other hand, for a
firm with substantial risk of bankruptcy or other non-viability, 7 may well be small.
Kadan and Swinkels (2005) find empirical support for the idea that firms which have
substantial non-viability risk are more likely to use pure stock.

A Softly Binding IR Constraint: If /R does not bind then ,, > z;. When
0< I < m, then IR binds “softly” in the sense that the principal makes payments
above m closer to x} than he would absent the IR constraint, but continues to do so
only above x}, where increases in pay help incentives. When A, > ﬁ, then IR is
sufficiently binding that the principal pays above m even below z}, where doing so

actively harms incentives.

3.2 Comparative Statics in m

We now discuss how the cost minimizing contract for given e behaves as m varies.
Much that follows relies on single-crossing properties of the contracts. The following
definition is needed.

Definition 2 Consider two contracts w1 and mo. Say that 7, single-crosses wo from
below if there is y € (0,Z) such that for x <y, mi(z) < mo(z) (with strict inequality
on some positive measure set), and for x >y, wi(x) > ma(x) (with strict inequality
on some positive measure set). Define “single-crossing from above” analogously.

Since the two contracts may coincide on an interval, the crossing point need not be
unique.?’

We begin with some basic properties of how two contracts corresponding to dif-
ferent levels of m can cross.

Lemma 3 Let m # m/, where wlog Ty < Zpy. Then, mm(x) = mpy(x) for at most
one T > Ty .

That is, m,, and 7, cross at most once on their non-horizontal portions. If m < m/,
T, can also cross m,, once from below at a point y where T, < y < Zy.

The intuition is that since the increasing portions of 7, and m,, are both defined
by straight lines in <4%, %) space, they can cross twice on their increasing portion
only if in fact g, = pt,, and Ay = A2t Since &, < &,y this implies that m’ > m.
So, one can get from m,, to 7, by replacing any payment below m’ by m/. Since
utility is increased at low outcomes, but not at high, this strictly lowers incentives.
This is a contradiction since by Proposition 1 both contracts satisfy IC with equality.

There are thus 3 potential cases for any m < m/:

20This is especially so when we deal with more general M later.

21 Crossings in (z, ) space correspond to crossings in (%, %) space.
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Three Potential Cases When m Changes.
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A: 7,y and 7, do not cross. m,y lies strictly above mp,.

T/ CTOSSES Ty, only once.??
C: T crosses my, twice, once in the flat region of 7, and once in the increasing
region of m,,.

Figure 2 demonstrates the 3 cases. For each case the left hand figure plots m(x)
against x, while the right hand figure plots — (ﬂl(m ) against ];f(;'f))
We will shortly show that only Cases A and C) are viable. ?So, the contracts either

don’t cross at all or cross exactly twice.

Lemma 4 Fize > 0. Let m and 7 be two arbitrary contracts. Assume that C(r,e) >
C(7,e), and that m single-crosses & from above. Then, U(m,e) > U(7,e).

Intuitively, 7 gives the agent both lower risk than 7 (a flatter contract) and higher
expected income, and hence raises the agent’s utility.

Lemma 5 For m’ >m > 7g(0), C(myy,e) > C(mm,e).

This is obvious as optimal contracts are unique, and as 7, pays m over an interval,
and so ceases to be feasible given m’.
With these in hand, we can provide our first major result of this section:

Proposition 3 Let m' > m, and assume that N\, = 0. Then, mp,, lies everywhere
strictly above mp,, and A\, = 0.

So, when m goes up in this range, the agent is paid more at all output levels. Graphs
Al and A2 in Figure 2 illustrate.

The proof works by showing that m,, and 7, cannot cross. If 7, crosses once
(and thus from above), then from Lemma 4 (or trivially if m,,» meets 7, only at Z),
IR does not bind at m/ either. But then, A, = 0. Thus, since both m,, and m,, are
of the form u%{% on their non-flat region, the fact that m,, crosses m,, from above
implies that p,,,, < p,, and thus that m,, crosses 7, where m,, is still flat. Much as
in the proof of Lemma 3, this implies that incentives are strictly less at m,,, than at
Tm, & contradiction.

If 7, crosses m,, twice, then m,,s crosses m,, once from below in the range where
both 7., and 7, are not flat. But then, it must be that w,,, > p,, and A < A,
which is impossible, since A,y > 0 and A\, = 0.

Since the agent is paid more at all output levels, IR is slack at m’:

Corollary 3 There is an m* such that IR is binding for m < m* and slack for
m > m*. Moreover, \px = 0.

?2Gince m’ > m, this corresponds either to 7,/ single-crossing ., from above (as in Definition 2)
or to a case where the two contracts meet only at z.
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That both U(mp+,e) = c(e) + up and A+ = 0 hold results from m* being a
boundary case. We will show below (Corollary 7) that for m < m*, A, > 0.
Since \,,, = 0 for m > m*, contracts are of the form

1 fe(zle)

(@) (le)”

for x > Z,,. Since contracts move upwards at all x as m increases, it follows that

Corollary 4 pu,, is strictly increasing in m for m > m*.

Intuitively, increasing m weakens incentives. To restore them, payments must
be increased on (&, Z]. This is achieved by raising p,,. Since both p and m have
increased, whether Z,, increases or decreases in m for m > m* depends on the details
of the problem.

Now let us turn to the behavior of m,, for m < m*.

Proposition 4 Let 75(0) < m < m/ < m*. Then, mpy crosses m, once from above
(while T,y is still flat), and once from below at some y < T (on the non-flat regions
of both contracts).

Thus, over the interval of m where IR binds, an increase in the minimum amount
that must be paid to the agent will sometimes result in him actually being paid less.
Graphs C1 and C2 in Figure 2 illustrate. From Graph C2, it is obvious that

Corollary 5 For mg(0) <m <m' <m*, p,y > f,, and Ty, is increasing in m.

This is intuitive: as m increases, the principal has some accumulated slack in
IR at the point where the contracts first cross. But, he is more challenged by IC,
because the higher payments on the flat portion decrease incentives. The result is
that there is a longer range of outcomes over which no incentives are provided, but
that incentives are more intense once they kick in.

From Corollaries 4 and 5 we obtain

Corollary 6 u,, is strictly increasing in m for all m > wg(0).

The obvious conjecture is that \,, should also be decreasing in m for m < m*.
We doubt that this is in general true.”> What we can show is

Corollary 7 A\, > 0 for m < m™.

The proof is simple: pick m < m*. By Proposition 4 m,» crosses m,, from below
at some point y on the non-flat portions of both contracts. But, Z,,« > z}, and so
y > x;. As before, this requires p,,,« > p,,. This implies Ay, > A = 0.

So far we have compared contracts in two cases: (i) when m’ > m > m* and the
contracts never cross and (ii) when m* > m’ > m and contracts cross twice. Even
when m’ > m* > m, it turns out that the contracts continue to cross either never or
twice. Hence, Case B never occurs.

23 As m rises, so does p, and this could of itself either relax or tighten IR.
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Proposition 5 For any m' > m > wg(0), 7 and m,, cannot cross just once.

By Propositions 3 and 4 the only way that the two contracts can cross just once
is if m’ > m* > m. But beginning with a diagram in which 7, lies everywhere above
Tm+ (as it must by Proposition 3), it is not possible to draw a 7, that crosses -
twice (Proposition 4), but m,, once.

Table 1 summarizes these findings.

Table 1 - How Does 7, Vary with m?

Crossing A o X
m' >m > m* Case A Am = Ay =0 Wt > My T > Ty T > X
m*>m' >m Case C Ay >0, A, >0 fyy > oy Ty > T

m' ' >m*>m Case Aor C Ny =0, N\, >0 piy > Ly, Ty > X5

3.3 Comparative Statics in ug

We now turn to how the contract varies as the outside option ug changes (fixing m
and e). Denote the optimal contract by m,,, and the corresponding multipliers by
Auo and pi,, . The results in this section apply to the general M studied in Section 4,
and so in particular to the standard problem.

The first step is the following lemma.

Lemma 6 Fiz e > 0. Let m and 7 be two arbitrary contracts, and assume that
U(w,e) > Ul(rm,e). Then:

1. If © single-crosses m from above at y < x}, then Ue(7,e) < Ue(m,e).

2. If 7 single-crosses m from below at y > x, then Ue(7,e) > Ue(m,e).

The intuition is simple. If © and 7 provide the same utility, then, by M LRP,
the “steeper” contract provides stronger incentives. The change in utility between
7 and 7 can confound this. When 7 single-crosses 7 from above to the left of z},
then compared to 7, 7 adds utility mostly to the left of %, hurting incentives further.
When 7 single-crosses 7 from below to the right of z}, then the extra utility provided
by 7 is mostly to the right of z}, raising incentives.

Next, we have the intuitively reasonable result that if the IR constraint binds at
one level of the outside option, it will continue to do so at higher levels; the optimal
contract will never change so as to over-compensate an improved outside option.

Lemma 7 There exists an outside option ug such that IR s slack for ug < ug, while
IR is satisfied with equality for uy > .
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Increasing ug in the range ug < ug of course has no effect on the contract. So,
assume that u{ > ug > u§. The next proposition describes the crossing scenarios for
Ty, and my, .

Proposition 6 Let uj, > ug > uf. Then, one of the following must hold:
A: oy (%) = o () for all x. Further, my (v%) > muo (7).
B: There exists y < x} such that Tl single-crosses my, from below at y.

C: There exists y > x} such that Tl single-crosses Ty, from above at y.

It can never be that 7, crosses my, at x7. Figure 3 illustrates the three cases in
the standard and transformed spaces.

We state the proof here. Since both contracts are at any given x either equal

to m or given by straight lines in <%, %) space, either the contracts single-cross,

or one contract lies everywhere weakly above the other. Assume first that the two
contracts do not single-cross. Then Ty Mmust lie weakly above 7, since by Lemma
7, U(my . €) > U(myg, €). It must then ‘be that up (22) > o (7). To see this, note
that if m, (27) = 7y, (27), then it must be that m, (27) = myu,(27) = m.2* Thus,