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Abstract

We propose a new test for the stability of parameters in a Markov switching
model where regime changes are driven by an unobservable Markov chain. Testing
in this context is more challenging than testing in structural change and threshold
models because, besides the presence of nuisance parameters that are not identified
under the null hypothesis, there is the additional difficulty due to the singularity of
the information matrix under the null. We derive a class of information matrix-type
tests and show that they are equivalent to the likelihood ratio test. Hence, our tests
are asymptotically optimal. Moreover these tests are easy to implement as they do
not require the estimation of the model under the alternative. They are also very
general. Indeed, the underlying Markov chain driving the regime changes may have
a finite or continuous state space, as long as it is exogenous. Moreover, the model
need not be linear. It may be a GARCH model, for instance.

We use this test to investigate the presence of rational collapsing bubbles in
stock markets. Using US data, we find evidence in favor of nonlinearities, which are
consistent with periodically collapsing bubbles.
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1. Introduction

The aim of the paper is to propose an optimal test for the null hypothesis of parameter
constancy Hj : 0, = 0y against an alternative where the parameters vary according to an
unobservable Markov chain. This testing problem includes testing the parameter stability
in a Markov-switching model (Hamilton, 1989) and in a random coefficient model (for
example a state space model). The model under the null need not be linear, it may be a
GARCH model for instance.

The parameters driving the dynamic of the underlying Markov chain are not identified
under the null hypothesis. As a result, the testing problem is non-standard and the
likelihood ratio test does not converge to a chi-square distribution. Our test is based on
functionals of expressions like
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where [; denotes the conditional log-likelihood for one observation under Hy and h and p
are nuisance parameters (h measures the difference between the states, and p measures
the autocorrelation of the variations of the parameter 6;) . This test is strongly related
to the Information Matrix test introduced by White (1982). It has the advantage of
using the estimation of the model under Hy only. We show that, for fixed values of the
nuisance parameters, our test is equivalent to the likelihood ratio (LR) test. The nuisance
parameters are integrated out to obtain an admissible test.

There are few papers proposing tests for Markov-switching. Garcia (1998) studies
the asymptotic distribution of a sup-type Likelihood ratio test. Hansen (1992) treats
the likelihood as a empirical process indexed by all the parameters (those identified and
those unidentified under the null). His test relies on taking the supremum of LR over the
nuisance parameters. Both papers require estimating the model under the alternatives,
which may be cumbersome. None investigates local powers. Some work has been done on
testing for independent mixture, Chesher (1984), Lee and Chesher (1986), Davidson and
MacKinnon (1991), and recently Cho and White (2003).

It should be emphasized that testing parameter stability against a Markov switching
alternative is much more challenging than testing for Structural change or Threshold.
They have in common that they involve nuisance parameters that are not identified under
the null hypothesis. The latter have been investigated in many papers: Davies (1977,
1987), Andrews (1993), Andrews and Ploberger (1994), Hansen (1996) among others.
There is, however, some difference to the classical situation: the “right” local alternatives
are of order T~'/4. Hence, to study the properties of this test, we need to do expansions
of the likelihood at the fourth order.

To illustrate the applicability of our test, we use it to detect the presence of rational
collapsing bubbles in stock markets. There is bubble if the stock price is disconnected
from the market fundamental value. We regress the stock price on dividends and use
the residual as proxy for the bubble size. Using US data, we find that the residuals are
stationary, which could be hastily interpreted as evidence against the presence of bubbles.



However, our Markov switching test strongly rejects the linearity, suggesting that at least
two regimes should be used to fit the data. Estimating a three-state Markov switching
model reveals that one regime is near unit root, the other has an explosive root, while
the third one is mean reverting, which is consistent with periodically collapsing bubbles.
It is worth mentioning another application of our test. In a recent paper, Hamilton
(2004) argues that a linear statistical model cannot capture the recurring cyclical pattern
observed in economic aggregates. He applies our test to show that there are nonlinearities
in the unemployment rate over the business cycle and that a Markov switching model is
particularly well designed to capture these nonlinearities.

The outline of the paper is as follows. Section 2 describes the test statistic. Section
3 establishes the admissibility. In Section 4, we describe simulation results. Finally in
Section 5, we use this test to investigate the presence of rational bubbles in stock markets.
In Appendix A, we define the tensor notations used to derive the fourth order expansion
of the likelihood. These notations are interesting in their own as they could be used in
other econometric problems involving higher-order expansions. The proofs are collected
in Appendix B.

2. Assumptions and test statistic

The observations are given by yi,¥s,...,yr. Let f;(.) be the conditional density (with
respect to a dominating measure) of y; given y;_1, ..., y1. Let ;. be the dominating measure
for the density of (y1,ya, ..., yr) . We assume that each f; (.) is indexed by a k-dimensional
vector of parameters, say 6;. We are interested in testing the stability of these parameters,
namely we test

Hy : 0, = 60,, for some unspecified 6, (2.1)

against
Hy: 0y =00+n, (2.2)

where the switching variable 7, is not observable.

Assumption 1. (i) 7, is a homogeneous Markov chain, which is stationary and
geometric ergodic, that is, there exist 0 < A < 1 and a measurable non-negative function
g such that

|§01|1<pl |E [f (77t+m) |77t] - E[f (nt)H < A"g(m)-

and Fg(n,) < oo. (ii) En, = 0 and mtax||77t|| < M < oo. (iii) n, does not depend on
Yt—1; -5 Y1

Remark 1. The assumption E7, = 0 is not restrictive as the model can always be
reparametrized to ensure this condition. 7, geometric ergodic is satisfied by e.g. irre-
ducible and aperiodic Markov chain with finite state space. max Il < M < oo will

also be satisfied by any finite state space Markov chain, however it will not be satisfied

by an AR(1) process with normal error. This condition could be relaxed to allow for
distributions of 7, with thin tails but this extension is beyond the scope of the present

paper.



Assumption 2. The autocorrelations of 7, depend on some unknown parameters [3,
which includes A. They are nuisance parameters that are not identified under Hy. [
belongs to a set B, and A is bounded away from 1.

Assumption 3. y; is stationary under Hy and the following conditions on the condi-
tional log-density of y; given vy;_1,...,y1 (under Hy), l;, are satisfied:

()[4
sup E ( [|l; < 00,
t,0eN

12
supE(l,@ ) < 00,
t,0EN
8
supE( t(S)H) < 00,
t,0eN
SupE< '5(4)H> < 00,
t,0eN
supE( ES)H) < oo.
t,0eN

where N is a neighborhood around 6.

Remark 2. We do not impose restrictions on the moments of y;. For instance 1
could be a stationary IGARCH process. However, we rule out the case where y; is a
random walk. To deal with unit root, we would have to alter the test statistic by proper
rescaling and its asymptotic distribution would be different. We leave this extension for
future research.

Note that y; may include exogenous variables.

The test statistic, for a given (3, is of the form.

TS; () =TSr (8,0) = Tr — 52 (82 (8)

where

Iy = %(\/_ZQ(Q +1 ®l(1)> var (n,) DZSZ(I Yeow nt,ns)) (2.3)
ﬁ;ﬁbu <579) )

and € () is the residual from the OLS regression of /i, (ﬁ, @) on lt(l) (é) , and 0 is the

maximum likelihood estimator of  under Hy (i.e. the ML estimator under the assumption
of constant parameters).

As ( is unknown and can not be estimated consistently under Hy, we use sup-type
tests like in Davies (1987) and exponential-type tests as in Andrews and Ploberger (1994):



supTS = sup T'Sr ()
BEB

or

expTS = / exp (T'St (3)) dJ (B)

B

where J is some prior distribution for 3 with support on B a compact subset of B. We
will establish admissibility for a class of expTS statistics.

Remark 3. The asymptotic distribution of the tests will not be nuisance parameter
free in general. Therefore we have to rely on parametric bootstrap to compute the critical
values.

Remark 4. The test statistic 7'S depends only on the score and derivative of the
score under the null and on the estimator of § under Hy. Therefore it does not require
estimating the model under the alternative. This is a great advantage over competing
tests like those of Garcia (1998), Hansen (1992) because estimating a Markov switching
model is particularly burdensome as one needs to use the EM algorithm (Hamilton, 1989).

Remark 5. The test relies on the second Bartlett identity (Bartlett, 1953a,b). It
is related to the Information Matrix test introduced by White (1982). Chesher (1984)
shows the Information Matrix test has power against models with random coefficients. He
shows that a score test of the hypothesis that parameters have zero variance is close to the
Information Matrix test. Davidson and McKinnon (1991) derive information-matrix-type
tests for testing random parameters. The main difference with our setting is that they
assume that the parameters are independent, whereas we assume that the parameters are
serially correlated and we fully exploit this correlation. Our optimality results do not
apply to independent mixture models. Recently, Cho and White (2003) have proposed a
test for independent mixture.

Remark 6. The form of our test is insensitive to the dynamic of the latent process
n,. It depends only on the form of the autocorrelation of 7,.

Remark 7. We assume throughout the paper that the model under the null is cor-
rectly specified. The issue of misspecification is not addressed here.

Remark 8. The main difference with Structural change and threshold testing is that
here the local alternatives are of order 7'/4. This is due to the fact that the regimes 7,
are unknown and one needs to estimate them at each period.

Although the optimality results are proved under the general assumptions 1 to 3, the
expression of the test statistic can be simplified under the following extra assumption.

Assumption 4. 7, can be written as chS; where S; is a scalar Markov chain with
V (S;) = 1, h is a vector specifying the direction of the alternative (for identification h
is normalized so that ||h|| = 1), and ¢ is a scalar specifying the amplitude of the change.
Moreover, corr (S, Ss) = plt=*l for some —1 < p < 1. In such case, 3 = (¢, 1, p)’ .

Assumptions 1 and 4 impose some restrictions on the Markov chain S;. If S; has a
finite state space, then it will be geometric ergodic provided its transition probability
matrix satisfies some restrictions described e.g. in Cox and Miller (1965, page 124).

>



More precisely, if S; is a two-state Markov chain, which takes the values a and b, and
has transition probabilities p = P (S; = a|S;—1 = a) and ¢ = P (S; = b|S;_1 = b), S; is
geometric ergodic if 0 < p < 1 and 0 < ¢ < 1. In this example p=p+¢q — 1.

S¢ can also have a continuous state space as long as it is bounded. Consider an
autoregressive model

Sy = pSi—1+&

where g, isiid U [—1, 1] and —1 < p < 1. Then S; has bounded support (=1/ (1 — |p|), 1/ (1 — |p]))
and has mean zero. Moreover it is easy to check that S; is geometric ergodic using The-
orem 3 page 93 of Doukhan (1994). For this choice of S;, y; follows a random coefficient
model under the alternative.

Under Assumption 4, p,, (3,0) can be written as

wsn-on| (2o () E)) w5 )@ e

and B={c* h,p:*>0,[|h]|=1,p<p<p}and -1 <p<p<l
The maximum of T'Sy () with respect to ¢? can be computed analytically. As a result,

we get
1 I 2
supTS = sup 5 (max (O, ,\3,;* ))
{h.p:llhl|l=1.p<p<p} €€

where T% is T'p (3) /c? and £ =2 () /(VT¢?) so that I'x and £* do not depend on 2.

3. Local alternatives and asymptotic optimality

First of all let us discuss some general principles for the construction of admissible
tests. A test is admissible if there is no other test that has uniformly higher (or equal)
power. Suppose now we have a general testing problem of testing a null H, against an
alternative [; and let p, and 1, be two measures concentrated on Hy and [, respectively.
Furthermore assume that the probability measures for our models are given by densities
fe, (with respect to a common dominating measure), where the parameter £ € Hy U H;.
Then a test rejecting when
f Jedpy

ffédﬂo

are admissible (This is an easy generalization of the Neyman-Pearson lemma: For an
exact proof, see Strasser (1995)).

We therefore have a wide latitude in the construction of admissible tests. We will
use our freedom of choice to construct tests which have additional nice properties, like
the ease of implementation. To establish admissibility, it is enough to find a sequence
of alternatives for which our test is equivalent to the Likelihood Ratio test. For these
alternatives, our test will be optimal.

> K (3.1)



The null hypothesis for a given 6 is denoted as
HO (9) : 9,5 =40

and the sequence of local alternatives is given by

. U
Hyr(0):0, =0+ IT (3.2)

Let Qg denote the joint distribution of (7, ..., 74 ), indexed by the unknown parameter
(. Let Py s be the probability measure on yy, ys, ..., yr corresponding to Hyr (0), and P be
the probability measure on yy, s, ..., yr corresponding to Hy (#) . The ratio of the densities
under Hy (0) and Hyr (0) is given by

@ <9>:@—/ﬁf (0 1/ Q2 T £0)
! Codapy =1 t b ’ =1 t .

Theorem 3.1. Under Assumptions 1-3, we have under H ()

(3.(0) / exp <% ;uz,t (8.0) — éE (19,0 (B, 9)2)) . (3.3)

where the convergence in probability is uniform over 3 and § € N.

We can easily see from (2.3) that u,, (8,0p) is a stationary and ergodic martingale
difference sequence, hence the central limit theorem applies. Moreover, for each sequence

NB@THQQGN, (34)

the distribution of ﬁ Zthl tha¢ (B, 07) will converge in distribution, under Hy (67) , to a

Gaussian random variable with expectation 0 and variance 1 Ep, , (0, 00)> .

Corollary 3.2. For every sequence Or satistying (3.4) and any [3, the Py, 3 are contiguous
with respect to Py,.

This result follows immediately from the CLT mentioned above and Strasser (1995).
Denote

, Py g TTL S (80 +d/VT)
lp (90 + —d) = T -
JT dFy, [Ti-1 f: (60)

Using a Taylor expansion around 6y + \/ifd, we obtain the following lemma.

S (zt (90 n d/ﬁ) 1, (00)) } |

t=1



Lemma 3.3. For all , € N, and for all vectors d

T 2
lr {00+ —=d) Jexp | ——=Y d1V (6 + —=d )+ =E (1" (6 + —=d —1
T ( 0 ﬁ ) / Xp < ﬁ — t 0 ﬁ 2 t 0 \/T
(3.5)
uniformly (in d on all compacts) in probability.

Again, our regularity conditions guarantee the convergence of \/if Ethl d’ lgl) (fo) to

2
a normal distribution with variance F <d’ lgl) (90)> , hence again we can conclude that
Py, +1q are contiguous with respect to Fp,. Since contiguity is a transitive relationship,
T
we may conclude that for all vectors d, Py, 4B is contiguous with respect to Fy,. From
T k]

APy, 5  dPy, 5 dPy,

APy,  dPy, dby,

we can conclude that with

1
Or =00+ ﬁd’ (3.6)
dPy,.
dPgOﬁ/
{exp ( Z'”?t (6,0r) — (,th (8,0r) )) exp < Zd’ (0r) + = E ((dllt(l) (HT))2)>
— 1

where the convergence is - again - uniform in probability with respect to P, .

We now can proceed to construct optimal tests of Hy (6y) against the alternatives
Hyr (67). Fist assume that we know 0y € ©. Then contiguous alternatives to Hy (6y) are
described by the probability measures

Py, 8 (3.7)

where 6 is given by (3.6). We now want to compare tests with respect to their power
against these alternatives. In particular, we want to characterize tests by optimality
properties. We want to start with a sequence of tests ¢, and then show that there does
not exist another sequence of tests ¢, which is asymptotically “better” for the null and
all the contiguous alternatives. So let us formally define “better” tests.

Definition 3.4. A sequence g of tests is asymptotically better than 1, at 0 if it is
“better” on the null

limsup/ngdPgO < lim inf/@/)TdPgo (3.8)
and “better” on the alternatives, that is, for all 07 and (3
liminf/gonPgTﬂ > limsup/@/)TdPgTﬂ. (3.9)



This definition is essentially the same as used by Andrews and Ploberger (1994) and
a bit different from the one in Strasser (1995). Although the latter can be very useful
when analyzing the asymptotic behavior of possible power functions for testing problems,
our definition here proved more practical in econometric analysis because it directly deals
with the asymptotic behavior of tests. Our definition here is, however, close enough to
the one in Strasser (1995) so that we can use the standard proofs of optimality.

Definition 3.5. A test 1 is said to be admissible if there exists no asymptotically better
test.

Let @7 be some test statistics that has asymptotic level a (i.e. lim [ pdPp = )
and asymptotic power function (i.e lim [ ¢ dPy, 5 exists). Let K > 0 be an arbitrary
constant, and v be an arbitrary, but finite measure concentrated on a compact subset of
B x R*. Without limitation of generality we can assume that v (B X Rk) = 1. Then let
us define the loss function

L@ﬁ_K/%m%—/(/Wﬂ%W@Qmww) (3.10)

By Fubini’s theorem, we have

dP,
Lipr) = (K = =0 Py, du(3.d) = (3.11)
0

[ { / %ﬁi}”d (5, d)})gonPeo (3.12)

From (3.11) we can easily see that, for fixed K, L(p) is minimized by the tests ¢, which
satisfy

Y

¢T:

1ﬁ{f4m%£ww5@}>K )
d

Oﬁ{fﬂ%#QQW@)}<K

So the minimal loss only depends on the distributions of the { i %Mdy(@ d)}

We can easily see that the measures f Py ia T Bdu(ﬂ, d) are contiguous Wlth respect to
Py,, too. Hence the minimal loss equals

- [ [ P, ) - (314

where, for an arbitrary real number z, (V) denotes the positive part of z.
Let us now assume that we have a competing sequence of tests ¢,. Note that (3.13)
does not uniquely determine a test: We do not care about the behavior of the test on the

event H J dg(’JPMd (3, d)} =K } . Hence the following definition will be useful:



Definition 3.6. The tests ¢ and ¢ are asymptotically equivalent (with respect to our
loss function L) if and only if for all € > 0

dP
lim Ey, |7 — @] I H{/%;Tf/”d (3.d } - K‘ > e} = 0. (3.15)
0o

So, heuristically speaking, ¢, and ¢ give us the same decision provided the test
statistic [ Mdl/(ﬁ ,d) is different from the critical value K. Moreover, we have the

following result.

Theorem 3.7. Suppose ¢, and ¢, are asymptotically equivalent, where 1), is defined
by (3.13). Then

lim (L(¢p7) = L (¢7)) = 0. (3.16)

If o and ¥ are not asymptotically equivalent (in the above sense), then

liminf (L(¢y) — L (1)) < 0. (3.17)

Hence (3.16) implies that 1, and ¢ are asymptotically equivalent.

Proof. We can easily see that L(¢)—L (¢7) = [(K— {f t‘)(ﬁ‘i/fﬁd (8, d)}) (Y — op) dPy,.

The construction of ¥, and the fact that 0 § or < 1imply that the integrand is nonpos-
itive. Let € > 0 be arbitrary. Let us define

dP00
r = (K { / A (5, d>}> (3.18)
Then
L(y) — L(pp) = / r1{Ir] > & (Wp — op) dPp, + / r (I < €] (g — op) APy (3.19)

Since |ty — | < 1, we have

] [ 1 < e - pr)dpa| <

For asymptotically equivalent tests, [ 1 [|r| > ¢] (¢ — 1) dPp, — 0, which proves (3.16).
For (3.17), observe that if ¢, and 1, are not asymptotically equivalent, then there exists
an 7 > 0 so that

(3.20)

dP,
lim sup Ey, |7 — ¥p| I H{/%\Fﬂd (8, d)} K{>n| >0 (3.21)
0o

The construction of ¢ guarantees that r (¥ — o) < 0. Hence — |op — p| I [|r| > €] =
rl|r| > e] (Y —op) <rI[lr| >n] (Yr — @) if n > €, hence for all € small enough lim inf

10



S rTllrl > €] (0 = r) dPy, < —limsup B, |or — b 1[|[{ f L2005, ) b - K| > ).
and together with (3.20) this proves our theorem. M

We now can conclude from the above theorem that the tests 1, and all asymptotically
equivalent sequences of tests are admissible. Any tests with genuine better power functions
would have smaller loss, which is impossible. Hence we have to show that the our test is
asymptotically equivalent to tests 1.

For this purpose, let us first observe that the processes

2
Zr (B,9) \/—Zﬂm ; (1124 (8,0) Zd’ ((d'lﬁ” ®)) )
(3.22)
are, for all # so that ||§ — || = O(1)/v/T (and hence in particular the §; defined by
(3.6)), uniformly tight in the space C' (B), the space of continuous functions on B. Indeed,
since the gy, (B3,07) are stationary martingale differences, we can apply a central limit
theorem and conclude that the Zr () converges in distribution (with respect to Pp,.) to
a Gaussian process with a.s. continuous trajectories. Since the Py, are contiguous to Fy,,
the limiting process(es) under P, must have continuous trajectories too, and we have
uniform tightness of the distributions with respect to Fy,.
We now want to show that the tests i), and the tests based on

/ exp(Zr(B, 07))dv (3, d) (3.23)

are asymptotically equivalent. We can easily see that a sufficient condition for asymptotic
equivalence would be

[ otz (@, 0ran(s,a)) [ LT85, 0) 1, (3.24)
0
We know that for all finite sets (3, d;
dP, ., _
exp(Zr (8,00 + di/ V)L 1 (3.25)
0

So suppose that for all € > 0 and 1 > 0 we could find a partition Si, ..., Sk so that with

probability greater than 1—¢ for all i, (3,d), (v,e) € S; | Zr(3,600 + d/VT) — Zrp (’y, 0o + e/\/T) ‘ <
APy a/vTs  Pogte/vT A

UB dPy, T T dPy,
The existence of such a partition for the Z7 is an immediate consequence of the uniform

tightness of the distribution of Z7. According to our assumptions, the difference between

) < n: Then (3.24) will be an easy consequence of (3.25).

dP, .. ,
the Z and the log of the densities %ﬁ’ﬁ’ converges to zero uniformly in probability.
Hence the density process is uniformly 0tight, too, which immediately guarantees the
existence of the partition.

Let the tests ¢ reject when [ exp(Z7(3,07))dv(3,d) > K and accept when
[ exp(Zr(B,07))dv(B,d) < K. Then these tests are asymptotically equivalent to the

tests . Consequently, we have the following result:

11



Theorem 3.8. Let ¢, be a sequence of tests that is asymptotically better (in the sense
of definition 3.4) than ¢, . Then @ is asymptotically equivalent to ¢ .

Proof. We just have shown that the ¢, are equivalent to the ¢, hence
lim (L (67 ) — L(y)) = 0. (3.26)
Since ¢ are the tests with minimal loss function, we also have
liminf (L(pp ) — L(¢p ) > 0. (3.27)

If 0 is an arbitrary, finite measure and h,, measurable functions with |h,,| < M for some
M, then it is an easy consequence of Fatou’s lemma that [ liminf h,dé < liminf [ h,dé.
The definition 3.4 guarantees that liminf ([ ¢;dPy, 3 — [ ¢pdPy, 5) > 0 and

limsup ([ ¢rdPy, — [ ¢rdPp,) < 0. Since L(py ) — L(¢y ) =

K (f prd Py, — f¢TdP00)_f <<f ¢poeo+d/ﬁ,ﬁ> - (f ¢poeo+d/\/i,6)> dv(3,d), we
can conclude that

limsup (L(¢r ) — L(ér ) < 0. (3.28)

(3.27) and (3.28) allow us to conclude that lim (L(p; ) — L(¢4 ) = 0, hence (3.26) also
implies that lim (L(¢r ) — L(¢4 )) = 0. Then theorem 3.7 implies that ¢, and ¢, are
asymptotically equivalent. Since we did show that the ¢, are equivalent to the ¥, we
have proved the theorem. W

We now are able to construct asymptotically optimal tests for each parameter 6y. The
problem, however, is that we do not know 6. Hence we will try to find for each 6, a
measure vg, so that the corresponding test statistic

[ exp(Za(. )i (5.0 (3.29)
does not depend on #y. For this purpose, define
409 = d(5.00) = (1 60))" oo ( s, (5,000 17 60)) (3.30)

where I (6y) denote the information matrix. Then we have the following result:

Theorem 3.9. Assume that J is a measure with mass 1 concentrated on a compact
subset of B. Let d be as in (3.30), then define

ST(6) = / (exp(Ze(3. 0+ d(3.0)/VT))) dJ (). (3.31)

Let 0 be the maximum likelihood estimator for 6 under Hy,i.e.
0 = arg maXZ 1:(0). (3.32)

12



Then

expTS — ST(6y) — 0 (3.33)
in probability under Py,,where
expTS = / (exp(TS(5.8))) 7 (). (3.34)
and R 1 R 1
TSr(5,0) = 5= D s (8.9) = 572 (V2 (5), (3.35)

where € () is the residual from the OLS regression of 3, , <ﬁ, é) on IV <9>

Let P; be the probability measure corresponding to the value of the maximum likeli-
hood estimator. (We can understand our parametric family as a mapping, which attaches
to every 0 a measure . Then the measure P, results from an evaluation of this mapping
at 0: It is a random measure). Let K (5) be real numbers so that

P, ([eXpTS < K(@)D <l-a (3.36)

P, ([exst > K(@)]) <a (3.37)

-~ -~

and assume K(0) — K. Then the tests p;, which reject if expTS > K (), and accept

if expTS < K(#), are for all 6, asymptotically equivalent under Py, to tests rejecting if
ST (6y) > K, and accepting if ST(0y) < K. Moreover, we have

Py, (IST(6p) < K]) <1—a (3.38)

and
Py, ([ST(6y) > K]) <« (3.39)

Hence any sequence of tests better than ¢, is asymptotically equivalent to ¢, with respect
to the probability measures Py, for all 6y € ©.

The distribution of the TST(ﬁ,g) itself is of considerable interest, too. We are inter-
ested in functionals of T'Sy(/3, 5), so we have to consider the limiting behavior of the whole
function depending on the parameter 3. Again, we restrict ourselves to compact subsets
of B. Hence the appropriate limiting theory to consider is the convergence of distribution

of random elements with values in the space of continuous functions defined on a compact
subset of B.

Lemma 3.10. Assume Assumptions 1 to 4 hold. Under Hy and H,r, we have

n d 2,t 790 7 4(1 2,t 790 7 5(1 ?
TsTw,e)—(jTtZl(”’ @) - d(%—d(m 1100)) )) 0

13



uniformly on all compact sets. Moreover under H,, we have
TSr(8,6) % G(6),

where 2 denotes the convergence in distribution of a sequence of stochastic processes
2
and G(f3) is a Gaussian process with mean -1 Ej H24(B60) _ g I} e 0o and co-
260 2 t

variance

Cov(G(B,),G(3y)) = Ea, ((M - d(ﬁl)’zt“)(eo)) (w - d(@)’lﬁ”(%)))
= k(B1,8,)-

Under H,7, TST(ﬁ,/Q\) converges to a Gaussian process with mean k (3, 3,) — %k (8, ) and
variance k ((3,, 35), where (3, is the true value of the parameter (3 under the alternative.

The last statement follows from Le Cam’s third lemma (see van der Vaart, 1998) and

-~

from the fact that the joint distribution of the 'Sy (3, 8) and the logarithms of the densities
of the local alternatives converges to a joint normal, and these two Gaussian random
variables are correlated.. With the help of this lemma, we can conclude that our test has

2
nontrivial power against local alternatives if Ej, ((M —d(B) lgl)(90)> ) > 0.

It is, however, also possible that

2.t 790 7 4(1 ?
B, ((% —a() i) ) 0. (3.41)

This case is not that implausible. Indeed we have

2
B (5 - )

— B, ((%)7 —2d'E,, (w%) v d (1(6y) " d

2 / —1
= ((5)) - (1) (e () 5 ()

using (3.30). Hence (3.41) is satisfied if and only if ji,, belongs to the linear span of the

components of 1,51). Assume for a moment that p = 0 and all the other prerequisites of
Assumptions 3 and 4 are fulfilled. Then pu,, is a linear functional of the second-order

derivatives of the log-likelihood, namely A’ (% + (%) (%)/> h. Then (3.41) means
that the second order derivatives can be written as a linear combination of the scores.
This is a geometric condition, which has profound statistical implications: E.g. in Murray

and Rice (1993), p. 16 it is used to characterize linear exponential families. A typical
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example would be the normal distribution. We have two parameters, mean and variance,
and we can easily see that if we take h = (1,0)’ (our first parameter should be the mean)
(3.41) is fulfilled. This corresponds to testing for independent mixture of two normals
with different unknown means and same unknown variance.

If (3.41) is fulfilled, then it is impossible to construct a test with nontrivial power
against these specific local alternatives. The T' ST(B,E) are consistent approximations of
the log-density of one measure under the null (corresponding to 6y and to 6y + d/ VT
, B, respectively). If the density between these two measures converges to 1, then any
reasonable distance like e.g. total variation converges to zero. So in this kind of situation
null and alternative are not distinct probability measures, which makes it impossible to
construct consistent tests. Any test will have trivial local power for an alternative in 7-/4.
However our test may have non trivial power against a local alternative of order 7—1/¢
for instance. This means that our test may still have power against a fixed alternative.

Moreover, under Assumption 3, this phenomenon is the exception rather than the rule.
The following proposition characterizes the set of alternatives against which our test does
not have local power.

Proposition 3.11. Suppose Assumptions 1 to 4 hold. Assume furthermore that for all
t,s, b (%) ( 89) h can not be represented as a linear combination of components of
%) . Then for each h, there exist at most finitely many p so that (3.41) is fulfilled.

Proof. First of all let us observe that

NV A AT o (O (0L
o= | (g () (3)) 220 (3) ()

Let us assume that for one h there exist infinitely many values of p so that (3.41) is fulfilled.
We can easily see that p,,(3,0), and hence d, are analytic functions of p. Therefore

2
FEy, <w - d’lil)(eo)) ) must be an analytic function too. We did assume that

this function has infinitely many zeros in a finite interval, hence it must be identically
zero. Hence

0?1 ol 01 81 Ol ol
2 ¢ t Oy (t—s) [ 94t h—=d(c.h -t
[(aeae’ "\ o ;p 6 (.1 0)' | 5
for all p. Since both sides of the equation are analytic functions, their derivatives (with
respect to p) must be also equal. Hence

ol oL\ ol
2h/ t YUs h=d “ot
80 ) \ 00 =\ 00 )’
where d,_, is the coefficient of p=*=1) in the derivative of d(.,.,.) with respect to p. In
the case where ¢? # 0, this contradicts our assumption. W
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The restriction to prior measures with compact support might be a bit restrictive. In
most cases, we should be able to approximate prior measures with noncompact support by
ones with compact support. In cases where (3.41) is fulfilled, we will, however, encounter a

difficulty. For our test statistic, we have to compute expTS= [ (exp(TST(ﬁ,g))) dJ (B).

For the values of § where (3.41) holds the corresponding 7St (3 ,/9\) will converge to zero.
It is, however, difficult to get uniform convergence. Hence we will not derive theorems for
these measures here.

The admissibility of the sup test could be proved using a similar approach to Andrews
and Ploberger (1995).

4. Monte Carlo study

We start with a very simple model with switching intercept and an uncorrelated and
homoskedastic noise component,

Y = o + 1Sy + woey
where

P(S, = —1|S=-1)=¢q

and ¢ ~ #@dN(0,1). We compare our test with Garcia’s (1998) likelihood ratio test.
Garcia’s test requires the estimation of the model under the null and the alternative and
the problem of local maxima arises under the alternative (see Hamilton (1989) and Garcia
and Perron (1996)). As a result, 1,000 replications will only produce a fraction of positive
log likelihood ratios, and among these a lot of values close to zero. Garcia circumvents
this problem by using 12 sets of starting values for the optimization and by taking the
maximum over the values obtained. We apply this method, which turns out to be quite
successful.

To compare the power performances between the two tests, we use 1000 replications
and 100 observations. We generate exactly the same data for both cases. Under Hy, ag =
a; = 0,wg = 1. Under Hy,ag = 0,7 = C/W,p = ¢ = 0.75 and wy = 1. We use our
supT'S test discussed in Section 2. We maximize over h and p with p € (—=0.7,0.7). Our
test statistic is asymptotically equivalent to Garcia’s in the sense that both are some kind
of likelihood ratio tests and hence they are expected to have similar powers.

Figure 8.1 plots the size-corrected powers for various values of c. As expected, the
patterns for both tests are similar. Our power is slightly higher than Garcia’s in general,
but is a tiny bit smaller for ¢ = 4. Our test has the great advantage that it only requires
estimating the parameters under the null. As a consequence, it is easy to program and
execute. Moreover, we find that, the size-corrected power does not change much when
maximizing our supTS over h and p by generating h uniformly over the unit sphere and
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p selected from an equispaced grid. But it greatly saves time (about 1/4 time for above
model).

Then we apply the supTS test to more general models. To find the maximum over h
and p, we generate h uniformly over the unit sphere and p is selected from an equispaced
grid of (—0.7,0.7). The number of values for h is 30 and that of p is 60. We obtain the
empirical critical values with 1000 iterations and sample size is taken to be 100. Then we
plot the size-corrected power with the same number of iterations and same sample sizes.

Linear model with an intercept term:

, Cn
Yy = xt<ﬂ+\47%>+£t
e~ #dN(0,1)

B =(1,1), C = (c1,¢) . 2y = (1,21,) with 21, ~iidN(3,400). 7, is a two-State Markov
chain that takes the values 1 and —1 with transition probabilities P (nt =1n,_, = 1) =
0.75 and P (n, = —1|n,_, = —1) = 0.75.

In the simulations, we set ¢; = ¢o = ¢ and vary them. The size-corrected power as a
function of ¢ is plotted in Figure 8.2.

ARCH(1) model:

Y¢ = O&¢
1 c 1 c
02 = (-4l oy Zhye

1 YT
e~ idN(0,1)

1T

n, is a two-State Markov chain that takes the values 1 and —1 with transition probabilities
P(n,=1|p_, =1) = 0.75 and P (n, = —1|n,_; = —1) = 0.75. The size-corrected power
is shown in Figure 8.3 as a function of ¢ = ¢; = ¢s.

IGARCH(1,1):
The model is as follows:

Y = O

1 ¢ 1 e L an
o = Gt TGt it (g i

2 VT 2T
g~ iidN(0,1)

Note that a3+ 3, = 1. Here, we let 7, take the values 0 and —1 with transition probabilities
P (n,=0[|p,_; =0) =0.75 and P (n, = —1|n,_; = —1) = 0.75. ¢1, ¢2, and c3 are taken to
be equal. See size-corrected power in Figure 8.4.

This simulation study shows that our test has satisfactory power in small samples.
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5. A Markov-switching model for explosive bubbles

Let P; and D; be the stock price and dividend at time ¢. 0 < (1 +7)"! < 1 is the
discount rate (assumed constant). The size of a bubble is the difference between P, and
the market fundamental price solution, F;, (which equals the expected present value of

future dividends)
Bt - Pt - Ft-

Rational expectation predicts that
By=(1+7r)""EB.

Evans (1991) argues that an interesting class of rational bubbles have the property to
collapse with probability one. He proposes an example of such a bubble:

Bt+1 = (1 + T) Btut+1 if Bt S a, (51)

1+ ) .
B = {54— ( . 70)91t+1 <Bt + —)} w1 if By > a,

1+7r

where u; 1 is exogenous iid with Eyu,q = 1 and 0,4 is exogenous, iid B (1,7),0 < 7 < 1.
The dynamic of B, in (5.1) is partly threshold, partly mixture. This model was meant
by Evans as illustrative only. However, it is interesting because it suggests that the price
deviations from the fundamental variable may explode and shrink periodically while being
consistent with the rational expectation assumption. To test this idea, we proceed in two
steps.

First we estimate the following cointegration relationship between In (F;) and In (D)

In(P,) = ag+ a; In (Dy) + y (5.2)

by ordinary least-squares. As D, plays the role of fundamentals (in the spirit of Lucas,
1978), we expect the residual y; to behave as a periodically collapsing bubble. Then we
fit on y; the Markov-switching model:

!
Ay, = Z Qs + Z B yi-1+ Z Z G5 iDYi—i + €1 (5.3)

=1 s

where &; ~ #dN (0,0%). S; is an exogenous three-state Markov chain that takes the
values 1,2, and 3 and has for transition probabilities 0 < p;; < 1. Because the labels
of the regimes are interchangeable, we set 3, > 3, > 5. The parameter of interest is
0 = (ab Qa, a3, 1, B, 637 ¢1i’ ¢2i7 Pz i =1,.., l7pij 1,5 = 1,2, 3>/ :

We know from Yao and Attali (2000) that {y;} may be stationary even if there is an
explosive root in one of the regimes. Therefore testing the stationarity of {y;} alone does
not permit to conclude against the presence of bubbles.
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Proposition 5.1. Assume In(D;) is strictly exogenous for €;, in the sense that ¢; is
uncorrelated with In (Dy) ,In(Ds),..,In(Dr). The MLE estimates of (ag,ay,0) coincide
with the estimators obtained from a two-step procedure consisting in estimating (ag,a;)’
by OLS in (5.2) first and then applying MLE on (5.3). Moreover the resulting 0 are
independent of (ag, a;) implying that the first step does not affect the second step.

Data

We use monthly US data from 1871-01 to 2002-06 (7" =1578) for real stock prices and
real dividends. All prices are in January 2000 dollars. These data are taken from Shiller’s
web site http://www.econ.yale.edu/“shiller and described in Shiller (2000).

Results

Applying a BIC criterion on an autoregressive model reveals that 2 lags are best, hence
we set [ = 1 in Model (5.3). The augmented Dickey Fuller test rejects the null of a unit
root on y; at a 1% level. We apply the supTS test (described in Section 2) where the
maximum over h and p is obtained by drawing h uniformly over the unit sphere (30 values
used) and by taking the values of p in an equally spaced grid over (—0.7,0.7) (60 values
used).

Empirical critical values are computed from 1000 iterations for a sample size of 1576.
The values of the parameters used to simulate the series are those obtained when estimat-
ing the model under Hy. The critical values are 5.6577635, 4.2483499, 3.7680360 at 1%,
5% and 10% respectively. The test statistic for our data is 22.938546. Hence our linear-
ity test rejects strongly the null of a linear model versus a Markov-switching alternative,
suggesting that at least two regimes should be used to fit the data. We estimate model
(5.3) by maximum likelihood using the EM algorithm described in Hamilton (1989). We
use 12 sets of starting values and select the one corresponding to the largest value of the
likelihood.

estimate standard error

ar —0.100 0.019
3, 0.038 0.038
¢, —0.195 0.204
Qs 0.002 0.001
By —.010 0.004
o 0.321 0.033
as 0.057 0.039
B,  —0.216 0.057
o 1.431 0.115
o 0.001 6.9¢-5

The estimated transition matrix P with elements p;; = P (Si41 = i|S; = j) is given by

0.253 0.023 0.146
P=0232 0973 0.735
0.515 0.004 0.119
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and the estimated stationary distribution is P (S; = 1) = 0.034, P (S; = 2) = 0.942, and
P (S, = 3) = 0.024.

All the coefficients are significantly different from 0. Regime 1 (S; = 1) corresponds
to an explosive root with negative drift. In this regime, the trend (-0.1) dominates cor-
responding to declines of 10%. The second regime (S; = 2) corresponds a near unit-root
with a slight positive drift. In this regime the process is stationary because the null
hypothesis Hy : G5, = 0 is rejected. 94% of the data lies in this regime, which is very
persistent. Finally Regime 3 (S; = 3) corresponds to a strong mean-reverting process.
By filtering, we compute the probabilities to be in Regime 1 conditional on the data:
P (S;=1lyi,...,yr). When P (S; = 1|yi, ..., yr) > 0.5, it is considered that the process at
date ¢ is in Regime 1. The following months lie in Regime 1:

1873 (9-11), 1880 (4), 1893 (5-7), 1907 (3,8,10,11), 1917 (11), 1929 (10, 12), 1930
(5,6,10,12), 1931 (9,10,12), 1932 (4-6,10), 1933 (2), 1934 (5), 1937 (4,6,9,10), 1939 (4),
1940 (5), 1946 (9), 1950 (7), 1962 (5), 1970 (5), 1973 (11), 1974 (7,9), 1980 (3), 1981 (9),
1987 (10).

We recognize the big crashes such as October 1929 and October 1987. We can compare
our results with those of Pagan and Sossounov (2003) on bull and bear markets. We see
that Regime 1 identifies the month just preceding a trough of the US stock market cycles
as reported in Pagan and Sossounov (1962/6, 1970/6, 1974/9, and 1987/11). It means
that the periods of negative drift correspond to a crash (in other words, the burst of
a bubble). The process spends most of the time in the near unit-root regime. This
asymmetric pattern exhibiting slow increases and quick decreases is consistent with the
presence of periodically collapsing bubbles.

Related literature

Diba and Grossman (1988) apply Dickey-Fuller test on the price and dividends both
in level and first difference. They also test whether P, and D; are cointegrated. As they
found that P, and D, are both integrated of order 1 and mutually cointegrated, they
conclude that there is no bubble. Evans (1991) shows that Diba and Grossman just
tested for the presence of a specific (linear) type of bubble. Since Evans (1991) pointed
out the shortcomings of traditional unit-root tests to establish the presence of bubbles,
there have been only a few attempts to devise a test. Van Norden and Schaffer (1993) and
van Norden and Vigfusson (1996) use a mixture model where the probability of belonging
to one regime depends on the lagged value of ;. Hall, Psaradakis, and Sola (1999)
use a Markov-switching model to model the consumer price index and exchange rate in
Argentina (1983 to 1989) and find a bubble in the exchange rate in 1984-1985. Psaradakis,
Sola, and Spagnolo (2001) apply a test of stochastic unit root on German hyperinflation
data. Chirinko and Schaller (2001) apply an orthogonality test (GMM type) to show that
there has been a bubble in Japanese equity market in the eighties.

Our data have been previously investigated for bubbles by Taylor and Peel (1998) and
Bohl (2001). Both papers reject the presence of periodically collapsing bubbles. Taylor
and Peel use a new test that is robust to the presence of skewness and kurtosis in the
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data. Bohl uses a MTAR model. The MTAR is a Threshold model where the change
of regimes is triggered by the lagged value of Ay;. From an economic point of view, the
change of regime should be triggered by the lagged value of 3, and not Ay;. This may be
the reason why Bohl’s test fails to support the bubble hypothesis.

6. Appendix A: Notations

6.1. Tensors

Central to the proofs in this paper are Taylor series expansions to the fourth order. We will
have to organize and manipulate expressions involving multivariate derivatives of higher
orders. We therefore will be careful with our notation. Clearly it would be possible to use
partial derivatives, but then our expressions will get really complicated. Hence we will
adopt some elements from multilinear algebra, which will facilitate our computations.
Key to our analysis is the concept of a multilinear form. Consider vector spaces V,
F. Then a multilinear form of order p from V into F' is a mapping M from V x .. x V
(where we take the product p times) to F' which is linear in each of the arguments. So

AM (2 2@ xgi), o ) M (2D 2P xgi), oy x®) (6.1)
= M(zW 2® )\xgi) + ,uxéi), Lz, (6.2)

We will use only an elementary form of tensors (only rather straightforward fields,
defined on parts of R¥). Here we give a brief introduction to the necessary formalism.

The first important concept we need to discuss is the definition of a derivative. Es-
sentially, we will follow the differential calculus outlined in Lang (1993), p. 331 ff. Let f
be a function defined on an open set O of the finite-dimensional vector space V' into the
finite dimensional space F. Then f is said to be differentiable if for all x € O there exists
a linear mapping Df = Df(z) from V to F so that

lim sup ||f(z+h)— f(z) = Df(z)(h)| /r — 0. (6.3)

=0 ||n)|=r

The above expression should not be misinterpreted. D f(x) attaches to each z € O a
linear mapping, so Df(x)(h) is for each h € V an element of F. Df(x) is called a
Frechet-derivative. It is in a way a formalization of the well known “differential” in
elementary calculus. So D f(z) is a linear mapping between V' and F'. It is an elementary
task to show that the space of all linear mappings between V' and F', denoted by L(V, F)
is a finite dimensional vector space again. Hence we can consider the mapping

x — Df(x), (6.4)

which maps O into L(V, F'), so we may use the concept of Frechet-differentiability again
and differentiate D f. We then get the second derivative D?f(x). This second derivative
at a point is a linear mapping from V to L(V, F') (an element from L(V, L(V, F))). That
means that, for each h € V, D?f(z)(h) is an element of L(V, F), so for k € V D?f(z)(h)(k)

21



is an element of . Moreover, we can easily see that - by construction - the expression
D?f(x)(h)(k) is linear in h and k. Hence D?f(x) maps each pair (h,k) into F and is
linear in each of the arguments, so we can think of D?f(z) as a bilinear form from V x V
into F'.

It is easily seen that, in case f has enough “derivatives”, we can iterate this process
and define the n-th derivative D™ f as derivative of D"71f,

D"f = D(D"'f). (6.5)

Again we can interpret D" f as an element of L(V,L(V,...L(V,F)))) or - again - as a
multilinear mapping from V' x V x V x V.. x V into F. This means that D" f (x) attaches
to each n-tupel (z1,....,x,) of elements of V' an element of F, in such a way that the
mapping is linear in each of its arguments.

Most importantly, we have again a Taylor formula

fle+h) = f(z) + Df(@)(h) + %D?f(x)(h, B) 4+t %D”f(x)(h, B4Ry (66)

with .
1
R, =

n! Jo

(1 —t)"D"* f(z +th)(h, ..., h)dt, (6.7)

if f is at least n + 1 times continuously differentiable.
Furthermore it is relatively easy to verify that f being n times continuously differen-
tiable
D" f is symmetric (6.8)
ie.
D" f(x)(h1, ..., hn) = D" f(x)(hr), .-y hrn)) (6.9)
for every permutation 7.

Moreover, let us consider for fixed z, h the function g(t) = f(z + ht) for ¢ in a neigh-
borhood of 0, and let ¢™ be the n-th derivative of g. Then

g™ (0) = D" f(z)(h,..., h). (6.10)

It is now an elementary, but tedious, exercise to show that due to the symmetry (6.9)
the multilinear form D™ f(z) is uniquely defined by its values D" f(z)(h,...,h). (As an
example, it might be instructive to consider the case of a scalar bilinear form B: We can
easily see that

B(h,k) + B(k,h) = = (B(h+ k,h+ k) — B((h — k,h — k)). (6.11)

A~ =

Symmetry implies that the left hand side of the above equation equals 2B(h,k) =
2B(k,h).)
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This result allows us to “translate” all the well-known results from elementary calculus
to our formalism. Clearly the derivative is linear, we have a product rule - if f and g are
scalar functions, then D(fg) = f- Dg+ (Df) - g, and more importantly we have a chain
rule: If we compose functions f, g we have

D(f o g) = Df(Dg). (6.12)

The algebra of multilinear forms is often treated as a special case of tensor algebra. Al-
though this branch of mathematics is well developed, it is rarely used in econometrics.
Furthermore, many of the advanced concepts are of no use to us. Hence we will introduce
here a “baby” version of tensor algebra. In particular, we will sacrifice one of the basic
ideas of modern analysis, namely that geometric concepts should be defined without ref-
erence to a coordinate system. Hence we will call our objects “baby tensors”. The experts
will see that they share many of the usual properties of tensors. The key simplification
will be that we fix our reference space and the coordinate system once and for all - we
simply forbid the use of other coordinate systems and spaces.
We are in a rather advantageous position:

e We are mostly interested in manipulating the derivatives of a scalar function, namely
the logarithm of the likelihood function.

e Working independently of a coordinate system is not a priority for us (contrary to
theoretical physics, where gauge invariance plays a major role).

e For us, tensors are tools to work with multilinear forms. Hence, most of our tensors
are symmetric.

Assume that our reference, finite dimensional vector space V' is k—dimensional and
that by, ..b; is a basis for this space. Although the basis is arbitrary, we will from now
on assume this basis to be fixed. It is essential for our approach that we fix the
underlying vector space and the basis, since all of our definitions relate in one way
or another to our chosen basis. It should be noted that we follow this approach not out of
necessity - coordinate independent definitions of tensors are commonplace in differential
geometry and mathematical physics, but purely out of convenience. E.g. we do not need
to distinguish between co- and contravariant tensors - so we do not have to distinguish
between “upper” and “lower” indices.

With the help of our basis, any vector  can uniquely be written as

k
i=1

Let us now assume that M is a scalar multilinear form (i.e. the values of M are real
numbers). Then, using linearity, we have

M(@V,2®, . a®) =37 M(by, by, e P (6.14)
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where the sum symbol corresponds to p sums extending over all values of iy, ...,%, be-
tween 1 and k. So we can easily see that there is a one-to-one correspondence between
the k? numbers M(b;,...,b;,) and the multilinear forms. For each set of numbers we
define a uniquely determined multilinear form, and for each multilinear form we can find
coefficients. Hence it seems sensible to give this scheme a name.

Definition 6.1. A scheme of kP numbers (cil,__’ip), indexed by p-tuples i, ...,1,, where
each indice varies between 1 and k, will be called a baby tensor (abbreviated bt) of
order p. A baby tensor field (btf) is a mapping which attaches to each element of an
open subset of our basic vector space a baby tensor. The coefficients (Cil,...,ip) are the bt’s
coordinates. The case p = (0 is admissible: The corresponding bt is a constant and the
btf is just a scalar function.

This concept allows us to work with multilinear forms and related mathematical ob-
jects without having to discuss tensor algebra. Here we present a compromise. On the
one hand, our objects should facilitate computations with multilinear forms, and on the
other hand, the objects should not be too abstract. A bt of order one is simply a vector,
a bt of order two is a k X k—matrix.

1. Now let us discuss a few properties of baby tensors and baby tensor fields. We can see
immediately that baby tensors and multilinear forms are essentially the same object:
(6.14) demonstrates that there is an one-to-one correspondence between multilinear
forms and bts. If we add two multilinear forms, we get another multilinear form
whose bt equals the sum of the bts of the summands. If we multiply a multilinear
form by a constant factor, we can easily see that the bt of the resulting linear form
equals the product of the original bt and the factor in question. Hence we can
see that this correspondence is a linear one-to-one mapping, an isomorphism. To
simplify the notation, we will denote the multilinear form and the bt by the same
symbol.

2. Let us call a bt C' = (cih”_ﬂ-p) symmetrical if and only for all (i, ...,4,) and all
permutations 7 of numbers between 1 and &

Cityoip = Cr(ir),e,m(ip). (6-15)

We can easily see that a bt is symmetrical if and only if the corresponding multilinear
form is symmetrical (in the sense of (6.9)). For a bt C' = (¢;,,.;,) define its
symmetrization C®) by

1
(O(S)>i1 o Ll Z Crlin), ... m(ip)- (6.16)

" all permutation 7 of {1,..,k}
Then C®) is symmetrical. Moreover, for all h € V
C(h,..h) = CO(h, ... h), (6.17)

and, for any bt C, C® is the only symmetrical tensor with the property (6.17).
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3. Another special case of multilinear forms are our derivatives of scalar functions
defined on open subsets of our space V. Hence we can associate to a derivative a
bt, too. We can easily see that the bt associated with D" f can be calculated in
the following way. Define the function g by

9((x1, oy my) = FO miby), (6.18)

where the b; are our fixed basis vectors. Then the corresponding bt is given by
__ o9
(ax“axizwamin>(z’1,...,in) '

4. There is also another technique for computing D" f | which we will use below. Define
for fixed x and h € V, the function

gn(t) = f(x +th). (6.19)

Then - following (6.10) - we can conclude that D" f(h, h,..h) = gi™(0), where g™
is the usual n-th derivative. Now suppose we can find a bt C' so that for all h

C(h,....h) = ¢ (0). (6.20)

Then - due to (6.17) and symmetry of the derivative - we can conclude that D" f =
Cc).

5. Apart from the usual operations, we also can define the tensor product between

----------

respectively. Then the tensor product A ® B is a bt of order p + ¢ with coordinates

(6.21)

a(il7-~~7ip)b(ip+17~-~7ip+q)'

Although the definition of the tensor product looks similar to the Kronecker product,
these two concepts should not be confused. A Kronecker product of two matrices
is again a matrix. In contrast, the tensor product of two bts of order two is a
bt of order four. It is interesting to consider the properties of the corresponding
multilinear forms:

(A® B) (h, .., hpiq) = A(h1,...hy) B(hpt1, oo hypig). (6.22)
The tensor product of symmetric tensors, however, is in general not symmetric.

6. Bts have a third interpretation. We can think of (6.14) not only as a definition for
a multilinear form, but also as a definition for a linear form on the space of bts. Let
T be a given bt of order p with coordinates (til,._,,ip). We can define a mapping from
the space of all bts of order p to the real numbers by the following rule: We attach
to each bt C with coordinates (cih.,,ﬂ-p) the number

Z Lit,ooyipCirpoonyip (6.23)
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We can immediately see that this mapping is an isomorphism. Again we denote
the bt and this mapping by the same symbol. So for each bt C, T'(C) is a real
number given by (6.23). This formalism is very useful when we want to compute
expectations of multilinear forms. Suppose we have a bt T" and we want to compute
the multilinear form T'(h4, ...h,). Then we can see from (6.14),(6.23) that T'(h4, ...h,)
equals T'(hy ® .. ® h,) (interpreted as a linear mapping from the space of bts).

. Now suppose Hj, ..., H, are random variables with values in our reference space V,
and T is a bt. Suppose we want to compute the expectation of

T(Hy, ..., H,). (6.24)

Then we can use the above interpretation of bt as a linear mapping and conclude
that the above expression equals T'(H;®...@ H,). We should not have any conceptual
problem with H; ® ... ® Hp: This is a random variable with values in the space of
all bts of order p, which is a finite dimensional space. Moreover, since T is a linear
mapping, we have

EFTH1®..®H,) =T (E(H, ®...Q Hy)), (6.25)
a formula, which will be very useful to us.

. Moreover, if the bt A is symmetrical then we can easily see the for every tensor T,
T(A) = TW(A). (6.26)

In particular, if we have an arbitrary random bt H (with a sufficient number of
moments) then F(H ® ... ® H) is symmetrical, hence (6.26) implies that, for all bt
T, TEH®..9H)=T"FEH®..2H)).

. As we already stated, the bts form a finite dimensional vector space. Hence all
norms are equivalent, in the sense that the ratio between two norms is (for all
elements of the reference space with the exception of 0) bounded from above and
bounded from below with a bound strictly bigger than zero. Hence convergence
properties of sequences are the same for different norms, and we do not need to
care which norm we use. Of particular interest, however, is the norm

TN =Dt .. (6.27)

where the t;, _; are the coordinates of T". Cauchy-Schwartz inequality and (6.23)
imply that for all bts T, C :

TN < Tt (6.28)

Estimates for the norms of tensor products are more difficult - we will discuss them
later on when they appear.
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6.2. Other notations

Definition. H;r is defined as the o-algebra generated by (1,,7,_1,---91, Y1, --, y1). Then
Ho r is the o-algebra generated by the data only.

The sample is split in the following way:

t=12.. 1y +1,... 15 T +1,... T, ...,\TBN_l +1,.... T,

J/

vV Vv w Ve
1st block 2d block ith block Bpth block
There are By blocks and each block has By or By, — 1 elements. ¢ is the index for

the block i = 1, ..., By. We use the convention 7y = 0 and T, = T In the sequel we will
decompose the sum as follows:

Our analysis is based on the derivatives of the logarithm of the likelihood function.
We did denote the conditional parametric densities by f; = fi(6r), and the log-likelihood
functions by l;. We did define

D, = 1P (6.29)

First we need to derive the tensorized forms of well-known Bartlett identities (Bartlett,
1953a,b). Let us define for an arbitrary, but fixed h the function

li(u) = log fi (O + uh) (6.30)

When differentiating ¢, , one obtains - with f = .f,(67) and f’, f?), .. denoting the
derivatives of f; (07 + uh) with respect to u.

1st derivative: 6 f7
2nd derivative: € = fT — %f’.
(3) 2
3rd derivative: &Eg) = ! - f 5 f - 2f' J; J} 7.
(4) (3) 3 3) '13 (2) / 2 /
4th derivative: ¢; @ = ff — fo f— 177 7 [ + ff3f f/+6f3 @ — 17;4 Vi

According to the formalism outlined previously, we can conclude that fgk) = lt(k) (h,..h)
and that f®) = DFf(h,.h). Taking into account our characterization of the tensor
product (6.22), and the technique described under topic 4 in the list of properties of bts,
we can conclude that

V= (1/f,)Df, (6.31)
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1
7D2ft =17+ 1M 1Y, (6.32)
t

1 ()
?D?’ f = (1§3> +3P 0V + 1V eV zt“)) (6.33)
t

1 (s)
Dy = (1" 6P ot @1 + 4 @i + 31 @ 1 + 1V 0 1V 2 () @ 1)

Ji
(6.34)

We can easily see that we do not need to symmetrize (6.32), since the bt on the
right hand side is symmetrical.  Let us now denote by F; the o-algebra generated
by the data w;,y:;_1,...Then one can easily see that for £ < 4, we have for arbitrary
h E(%Dkft (h,..h)) [ Fia) = f%Dkft(h,..h)ftdu(yt) = [ D*fi(h, ..h)dp(y,), where p
is the dominating measure defined in Section 2. Since we assumed f; to be at least
5 times differentiable (and the 5th derivative to be uniformly integrable), we can eas-
ily see (cf...) that we can interchange integral and differentiation, and conclude that
[ DFfi(h, ...y h)dp(y) = D*([ fidu(y:))(h, ..., h) = 0, since all the f; as conditional densi-
ties integrate to one.

Let us define

(s)
my = (42l + 2V @ L, )
(s)
mye = (10 +3P @i+ 01V 0 1)
(s)
my = (006 @i o + 4 o1 + 31 0 1P + 1) 01l 01" @ 1Y)
where L; = EizTi_l 1 IV and furthermore
T;
Mj= > mj,j=234 (6.35)
t=T; 1+1

Then we can easily see that lgl), Moy, M3y, Ma, are martingale difference sequences
with respect to the F;. Furthermore, the m;,,j = 2, 3,4 are defined as symmetrizations
of the bts on the rhs of the above equations.

In the sequel, we will heavily rely on (6.26), both for the evaluation of the m;,,j =
2,3,4 and the derivatives as well: When we evaluate bts with symmetrical arguments, it
is irrelevant whether we use the bts themselves or the nonsymmetrical expressions used
in the above definitions.
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7. Appendix B: Proofs

The first theorem we want to prove is 3.1. The statement of the theorem involves some
uniform convergence in probability of a parametrized family of random variables. So let
us assume the theorem would not be true. There existed a compact subset K C © x B
so that we do not have uniform convergence in probability on K. Then there exists a
sequence (07, Br) € K and a € > 0 so that

5] ) > €.

B, (
(7.1)

Since the (07, B1) are elements of a compact subset, we there is a convergent subsequence.
Hence to prove theorem 3.1, it is sufficient to show that for every (67, 81) — (6o, 5o)

o 1)-o

(7 (HT)/exp< Z:u2t (01, Br) = S E (pay (01, Br) )) -1 >

gg“T (0r) / exp ( Zﬂzt 07, Br) — (M2t (07, Br) )) -1 =

(7.2)
or
égT (O1) / exp ( Z po s (O, Br) — (,u2t (01, Br) )> — 1 in probability with respect to Fp,..
(7.3)

In the sequel, we will prove this relationship. To simplify our notation, however, we will
suppress the parameters (01, 57) and (0, 5,). When analyzing expressions related to a
sample of length 7', we simply write £/ and P instead of Ej, and F,. Moreover, we also
will drop the argument from expression like [; (67),..and simply use l;,... The proper
argument should be evident from the context. This simplification of notations brings
significant advantages for our calculations of derivatives: When we are using arguments
in connection with derivatives then they are meant to be arguments of the corresponding
multilinear form. As an example, the expression l£2)should denote the second derivative
of I, at Op, which is a bilinear form. So l§2) (h, k) is the evaluation of this bilinear form
with the arguments h and k.
The following lemmas are used in the proof of Theorem 3.1

Lemma 7.1. For any € > 0, we can find 1 — e < ;T < 1+ ¢ on some set A%
T

that Tlim sup P(A3) = 1 where A5 is Hyr-measurable and independent on [3. Then
Slng(fT|HO,T)

Sl;pE (f7[Hor)

L.

A sufficient condition for Lemma 7.1 is

fr

<1+ Br
I
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where Br is H r-measurable and independent on 3 and Brp £o.

Lemma 7.2. Let x; beHr, v measurable random variables and let A; r = E (Qii\HTi,l,T)-
Assume there are bounds By and Cr — 0 Hyp—measurable and independent of (3 such
that

By
sup ZALT < Br (7.4)
B li=1
and 5
N
s%pZA?’T < Cr. (7.5)
i=1
Then
Byn
supF H (1+ ;) |H07T] L1 (7.6)
i=1

Lemma 7.3. Let A;p = E (xi]HTH,T). Assume there is an Hyp—measurable set Ap so
that ||z;|| < 1/2 on Ar and P (Ar) — 1. Moreover, assume that A; 1 is a martingale with
respect to the data and

By
sup Z EAZ. — 0.
L ’
Then (7.6) is satisfied.
Lemma 7.4. Let ay,as,...,ay a sequence of numbers with N = 1,2,.... Then

N ! N
(ZW) SN agl', 1=1,2, .
i=1 i=1
Lemma 7.5. A sufficient condition for Conditions (7.4) and (7.5) is

> E|A]—0. (7.7)

The following lemma gives a result for the product of 4 arbitrary terms x;;. The index
is denoted 57 = 1,2, 3,4 for convenience.

Lemma 7.6. Let x;; = >, Z;;:/T%. Assume that

4

E <Br (7.8)

g Lijt
t
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for some m > 1 and all j = 1,2,3,4. Let k < 4 and D={d,, ...,dy} be any k—partition
of the integers 1,2, 3,4. Assume that

> a;>1, (7.9)
jeD
and let By, be such that
i jED

Then, Conditions (7.4) and (7.5) are satisfied for A; = E (H]ED .rij|HTi_17T>.

Lemma 7.7. Assume Assumption 4 holds. Let const denotes a constant independent of
B, we have

E(|zalY) = E(|Li]") < constB}
E(|z2]") = E(IM]") < constBi,
4

E(l@sll') = B> 1" ma

t

< constB%,

4

E(Hfi4||4) = F Zlgmmzt < constB?,
¢

E(l#sl") = E(IMs|") < constBi,

4
E(|z6l') = B ||> 4" ms,
t

< constBj,

< constBj}?,

E(lz:]") = E{|D> 1YL,
t

4

E(|lzs]) = E{|D> 6Ly,

t

< constB}?,

4

E(\|;Ei9]|4) = F Zlfl)Lf_l < constB;°,
t

4

< constBj°,

E(||§7i10||4) = £ Zlgl)Lt—lmZt
t
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Proof of Lemma 7.1. Let n be an arbitrary positive number and 0 < & < 7.

supE(fr|Hor) = SUPE(f—i:fqt‘HO,T)
Jé] B fT

~ fr .. .
= IA% SEpE(f; fT|HO,T) + ](A%)L S/lglpE(f;: fT|HO,T) .
Under of the assumptions of the lemma:
Las (1—¢) SI;PE(fHHo,T) + I(AET)C SlﬁlpE(fTWo,T)
SI;PE(fTWo,T)

IA% (1 + 5) Sl[lapE(f;v|H()7T) + ](AET)C SlﬁlpE(fT|H0’T)'

IA

IN

supE(fr|Ho,r)

f;
s%pE (frIHor)

To simplify notation, we denote by X7, then

Las (1 —¢) +I(AET)CXT < Xp < g (1+¢) —i—](A%)c X

P X7 — 1] <1
Pll—n<Xr<1+n

> P {1 (1) + [y Xr < 1m0 {las (1= ) + 1) Xr > 1} ]
= P(A7)+ P (A7) ) Pl —n < Xr <141
> P(A%)—>1.

Hence Xt 21
Proof of Lemma 7.2. Using a Taylor expansion, we see that Conditions (7.4) and
(7.5) imply that

A2
;’T +o0 (A?,T) 0

BN BN
Z In (1 + Ai,T) = Z Ai,T —
=1 =1

or more precisely
By

l—e<JJa+A7)<1+¢
i=1
for any € > 0 on a set A% Hor-measurable and independent of  such that P (A5) — 1.
Using iterated expectations, we obtain

By (1 + 2,
E llzzl( + T ) ’HO,T — 1
[L2 (T+Air)
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Hence on A%, we have

1 By 1 B
T 851;1)E H (14+z) [Hor| <1< = 6s%pE H (1+ ;) |H07T]
or equivalently .,
1—5§s%pE I_NI(l—l—xi)|H07T <l+e.
i=1

As P (A%) — 1, it follows that supE [Hij\{ (14 x;) |H0,T] L1
B

Proof of Lemma 7.3.

By
mE ] +a) yHO,T]
=1
By l -1
= Z {IHE H (1 + xz) |H07T] —InF H (1 + .TZ) |H0,T] }
=1 =1 =1

— XN: {In (u; + hy) — In (w;)}

where

[1—1

w = F H<1+$i)’HO,T )
=1
l

= E|][[(0+x) Hor| - E

=1

-1
= E x H (1 + Il) ’HO,T]
i=1

-1
= E|E(uHy 1) H (1+ ) ’HO,T]

i=1

-1
= F Al H (1 -+ ZL‘Z) ’HO,T] .

=1
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Using a Taylor expansion, we have

By

D

=1

—N
B
£
+
=
|
=3
=
|
|
——
AN
8y
=
>=
=t

By 2
1 h 1
< 5 (—l) 5. (7.10)
= NPy (Z—ﬁ)
Let 6; = hy/u;. If we are able to show that
Bn
Sa o, (7.11)
=1
BN
S a5, (7.12)
1=1

then we have

By

> {In (u + k) — In (ul)}| Lo,
I=1

which itself implies

E

BN
H (1 + J,‘Z) |H07T] i 1.

i=1
(7.11) will follow from (7.12) and the fact that ¢; is a martingale as A, is itself a martingale.
Now we want to show that

S5 (80) ~ 0 3B () 0= 30 L -
=1 1=1 =1

We have

B AL (U + @) [Hor

B |TIZ (1 + ) [Hos |

B [T (42 (1+ i) [Hor |

B |TT2 (Ut 2) (14 21m0) Mo

38 AT (1 + ) [Hor

BT (1 -+ ) [Hos |

4 =

IN
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because ||z;—1| < 1/2 by assumption. Note that E (A]|Hz, ,r) < E (|A)||Hp ,7) and
it follows from the geometric ergodicity of 7, that

B (1A 7)) — E (18] [Hor)| < NP9 (Hri_yr)
where g is some positive integrable function of Hyz,_, r. Hence

E(|A][Hp yr) < |E A [He 1) — E (1A [Hox)| + 1E (1A [ Hor)|
< (HTzfmT) + | B (|Ay] [Hor)] -

[ (|Al| |HTZ 2T> H (1 + xz) |H0 T}
E [Hi;l (1+x;) ’HO,T]
[ (HleT)H (1+x)|HOT}

B |T1Z5 (14 2:) [Hog |
5 < ON\PE) +9E (A [Hor) -

0 <

3B

IN

+3E (|Al [Hor) ,

We get

By

ngwﬂgxMBMWQ+g§:EQAﬁy

=1
This proves the first implication of (7.13). The second implication follows from Markov’s
inequality.
Proof of Lemma 7.4. Let p; = |a;] /Zfil |a;|. The problem consists in solving

subject to 3.~ p; = 1. The solution is 3.~  pl = 1/N'-1,
Proof of Lemma 7.5 (a) (7.7) implies ), |A] Lo by Markov’s theorem, hence

as >, Al < >, ]A;, Condition (7 4) follows, (b) > . |A| L. 0 means that for T large
enough, |A;| < 1, and hence |A;]* < |A;|, therefore Condition (7.5) follows.
Proof of Lemma 7.6. By the geometric-arithmetic mean inequality, we have

k k
ik 1 k
j=1 j=1
By
T

Hence

k m—1
T By Br
Z FE (H |«T2j|> B sz o TZ?:I a1 =0 (1) .

% J=1
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The last statement of the lemma follows from F |A;| < F HE (H?:l xij|HTi_l7T> H

£[e (L,

\HTH,T)] =E (’NHL Tij

).

Proof of Lemma 7.7. Term z;;

Tit1
BlLt< By Y B|i| < Biswe|i?
by Lemma 7.4.
Term z;, :
E (M) < B} E(Imal)
t
< By g2 (@ L ol o ;o] 4
< BYY E (I +||17]] + 2t ||1V]] 1Ll
t
< By (B ! m]° 4 o
< B P+ B+ 2t (B
t
< constBY
: m]|® @]
provided sup E ||/, H < oo and sup F ||[; H < 00.
Term ;3 :
4
E> 1 my,
t
4
= B + 1 + 2L,
t
4 12 4
< S (o]« "+ i)
t
8 8\ 1/2 12
< BfZ(E O\ B ) +E| IV + 2 (E e
t

< constBi

: || @ |®
provided that sup F ||[; < oo and sup E |1, < 00.

Term Z;4 :
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4

o) e (||Lt_1||8>)1/2)

g . 1/2
E (Lo ))

<



4

g[S 102m,,
t

4
= B>+ 2L,

t
4 16 4
< BiZE( ISETY | I FIC] S z,§1>3LHH)
t
16 8\ /2 16 24 1/2
< BEZ(E || e lﬁ”H) + B||l]|” + 2t (E 1| E(HLHng))
t

< constBY

: (1)]|** @|®
provided that sup £ Hlt H < oo and sup E ||, H < 00.

Term ;5 :

4 3 @ @] [;ms]*
EMs|" < BYY E(|I1V|| + |87 + |k
t
4 8 8\ 1/2 12
< B> B +(E @D\ Bl ) +E| i
t
< constB}

- m||** @|® @|*
provided sup E ||I; < oo, sup I ||l < o0, and sup E ||[; < 00.

Term Z;6 :

Tit1 4 4
B med”| | < BEY B |maa?|
t=T;+1 t
4 @ L@zt |t
< B BBV + 108 + |6
t
< constB}

: | @|° @ |°

provided that sup F ||[; < oo, sup ' ||l < oo and sup F ||l < 00.
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Term z;7 :

4
4
Bz, | < B BV,
t t
3 1/2
< B%Z(E 8 EHLHHM)
t
< constBi2
‘ 1) ||16
provided sup E ||I; < 00.
Term ;5 :
! 4
ElS 2, | < BY E lt(l)sz_l‘
t t
|6 6\
< 53 (2] Bz
t
< consth
' 1|16
provided sup E ||{; < 00.
Term z;9 :
4

o4
E L

1
SouvLy
t

< B} E
t

3 1/2
< 8t 3 (5] B )
t
< constB}°
_ )[4
provided sup E ||/, < 00.

Term Z;9 :
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4

t(l)Lt_lmgﬂj gl)lLEQ)Lt_l + llgl)th_l + 2l£1)2L?_1

< BiZ{E )+ Bl + iz
t
+< i 24EHL”H8)1/2+24< i 1(SJE\IL”\I”“’)W}
< constB}°
M ‘24 @ < o,

Proof of Theorem 3.1
Denote T Er the Taylor expansion of >, (I (07 +n,/T"/*) — 1, (6r)) around 67 :

T
1
TEr = Z {\/— Igl)( ¢) + Tl (77ta77t) 6\/_ (7715777t777t) + ml§4)<77ta77t777ta77t)

- (7.14)

where lﬁ”, cey l§4)

Denote

are function of A7. The proof is in three steps.

TSy (8,0) Z#m 3,0) Z (12,0 (6, 5>]2'

Step 1. Using Lemma 7.1, we show that

éT (97 5) i 1
E [exp (TET) ‘H07T]

uniformly in (.
Step 2. Using Lemma 7.1, we show that

Elexp (TEr) [Hor) P
E [exp (TST + 3 Z; (In (14 IL’”)> |HO,T]

uniformly in § for some x;;.
Step 3. Using Lemma 7.2, we prove that

E [exp (jng + ng ijl In(1+ Izg)> |H07T] P
oxo (751) )
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uniformly in .
Then, result (3.3) follows from

0.8
exp <f§T)
£ (0,9) Blexp (TBr) [Mo]
Eexp (TEr) [Hor] [exp (TNST +y 1+ 131‘]')) |HO,T]
B [exp (:FS*T + ZiNI Z}]:1 In(1+ ng)> |H0,T}
exp (75+) |

Step 1. Using a Taylor expansion, we obtain

X

S (1 (Or + /T =1 (01)) (n,) = Y TE,

< sup |[1P(0 HME’—
t,@elj)\/ () VT
1
< constM?

W
=o0(1)

by Assumption 4. In the sequel, we will use sup instead of sup, . to simplify notation.

Step 2.
p _ Bn T; s s Bn T; TG
Let TEyr = Zi:l Zt:Ti_ﬁ—l TEqy, TSy = Zi:l Zt:Ti_l-&—l TS

TEr —TSr = iN: i (7B - T54)

i=1 t=T;_1+1
By T; P By T; P __
i=1 t=T;_1+1 i=1 t=T;_1+1
where )
TSy = mE (mZ,t HTi_l,T) T 8T [E (m2,t|HTi_1,T)]2

In the sequel 7, is split in the following manner

Ny = ft + v,
§ = m— E(nt‘HTz‘—hT)’
apy = E(T/t|HTi—17T)‘
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> TNS“ can be decomposed as follows:

T; . T; . T; -
> TSy = TSy (€)+ Y TSula),

t=T; 1+1 t=T; 1+1 t=T; 1+1

Ti o 1 Ti 1 5

Y TSu() = —= > E(ma(©)Hr,x) — o= [E (mae (§) [He,1)],

2vT 8T

t=T;_1+1 t=T; _1+1

i TSi(a) = L i E (may () [Hr, 1) —SLT [E (may () [Hr, 7))
t=T;_1+1 2\/T t=T; _1+1

Similarly, the Taylor Expansion in (7.14) can be rewritten as the sum of three parts,
namely, the pure part w.r.t. §,, the pure part w.r.t. oy and the mixed part. That is,

L)+

T'E; (ft) = 4_\/? 2\/— (fnét) 6\/_ (§t7§t7§t> 24T (gtagtafhét)
1 1 1 1
TEy () = Tﬁlt(l)(at) + mlt@)(at» o) + Wl( (o, gy ) + ml Vay, oy, )
and
TEz't (é-tJ at) 2\1/— (é-tv at) 6\41}173[153) (ft? é-t; Oét) + 6\4/1173&53) (57&7 A, at)
N——— N—’
2 permutations 3 permutations 3 permutations
1 1
24T t (€t7£t7€t7at) 24T t (§t7£t7at7at) 24T (ft?abat?al‘/)
4 permutatlons 6 permutatlons 4 perm:;tatlons

Remark that for any linear function g and using the convention oy = 0 for t > T, we
can write

By T;
> (g(m)
=1 t=T;_1+1
By T; Tit1
= g+ D glw)
=1 t=T;_1+1 t=T;+1

using E (n,|Hor) = E (n,) = 0 with § =0, — E(n,|Hz,_, r) and oy = E(n,|Hr, 7).
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To summarize, we have the following decomposition

By T
(TEw — TS4)
i=1 t=T;_,+1
N T;
= > > (TEa€) - TSul(&)
=1 t=T;_1+1
By Tiv1 -
303 (T (o) ~ TSi (o)
i=1 (=T, +1
By T
+Z Z TE; (&, o)
i=1 t=T;_,+1
1) Term ZtT;TFlH <7/1\5'2t — ngt) :
T; . - 1 T;
T;
N SLT Z {[E (mlf‘HTi*l,T)f —[E (mltlHO,T)]Q} (T2)
t=T; 1+1

The term (T2) converges to 0 uniformly in probability as shown below. Hence we have

Z Z <T§it - TT%) - — Z Z [E (ma|Hr, 1) — E (may|Hor)] + 0, (1)

i t=T;_1+1

= ST ST (B maulHar) — B (mayHom) + 0, (1)

Hence S°P% tTjTliH (T/Et (&) =TS8y (&) —In(1 + = (f))) L 0 uniformly in 8 with = (6) =

#T [E (mat (&) [Hnr) — E (may (§) [Hor)] - The same is true for the term in .
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Now we show that (T2) converges to 0. We have

T,
1 ;
3T > { (moaHr,\2)]" = (B (mz,tWo,T)]z}
=T 141
1 &
= |37 {[E (moy[Hr,_ 1)) — [E (mag|Hor)]} {[E (mag|Hry1)] + [E (Mo Hor)]}
=T 141
const &
< E (mau[Hr,_ )] = [B (may|Hor)]|| (const + || L))
t:TH+1
const o
< ) =TT
t=T;—1+1
const
- T

by the geometric ergodicity of 7,. Hence the term in 1/7 is negligeable. As above, (T1)
can be decomposed into a pure term in oy and a pure term in &,. Consider first the term
in &,. We use |z — log(1 + z)| < 2?. By Assumption 1, we have

T,
1 k2
ET Z moy [E(gt & gt) - E(ét & gt | HT’L’—I’T>:|
t=T;_1+1
, 2
1 . o
< Ezq D lma a0
t=T; 1+1
2
1 T t—T; 4 t—T;—1
= Boq DL lmaddl VATV
t=T;—1+1
T.
1 i 1
< T Z e s -\
t=T;1+1

Moreover we know,

4 2 2
I < const (] + Nl
and
Lol < (6= Tiy) - ||V
So we have
1 I 1 &
ET Z [mg|)* - AT ] < T Z (const + const - (t — T;_1)*)N~Ti-
t=T;_1+1 t=T;_1+1
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Hence, for the sum over all blocks, we have

By 1 T; 2
? Z mgt ft ® é}) (51& ® £t|HTi717T)j|
i=1 t=T;_1+1

VAN
Sl
N =
N
—_
I‘H
>~

+

~

e

|

MMH

>
~_

2) Term TEy — TSy :
We analyze the pure terms w.r.t. &,. For simplicity, we drop &, in the expressions. We

use the notation Z Zzt =0 . Let Ly = S 1+1l(l) and

L = Z i

e = Y= S o 2
My = ngt_z PP o i+ i)

M4 _ Zm4,t _ Z : _'_ 6[152) ® lt(1)2 + 4[53) ® ligl) + 3[}52) ® lt(2) + lt(1)4)
t t

where lt(l), Moy, M3, and my, come from the Bartlett identities described in Subsection
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6. The pure terms ), TEj; (§,) can be rewritten as follows

1 1 1 1
L, — 24+ ——13— —14 P1
{*/Tl 2\/_1+3<*/ LT g (P1)
_24—\/773th m2,t (P3)
t
1
+57 > 1 ma, (P4)
t
1
+64T3 5 (P5)
— LY gl (P6)
6T 3ttt
t
1
DL (P7)
t
1
+7 >ty (P8)
t
4 S L (P9)
T t t—1
t
1
+ﬁ Z l,gl)Lt_lmg t (PlO)
1
+EM4 (P11)

And we add to (P2) the term — 2, T8y (€,) :

1
ZE Mo Hr, 1) + T Z [E(ma[He, 1)) (7.15)

Now we show that each term (P1) to (P10) can be approximated by a term of the
form In (1 + x). We also show that the sum over the blocks of (P11) goes to zero and
therefore can be neglected.

(P1):

Using a Taylor expansion we have

5

(P1) —In(1+ Ly)| < const -

L
JT TvT "

Now we analyze the moment conditions needed.
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5
L‘

5
= {fe )]

5 5
5 5 5
F([ma]) = \/E (=) < e R ed ]

5
by the triangular inequality. This term is O (B3) provided sup F Hlil) ” < o0. Using the

fact that if X7 > 0, EX7r — 0 implies that X, EiR 0, the sum over all blocks goes to zero
if the following condition holds:
T 1
By, T\‘VT

Then we get the bound condition

B} = o(1)

By = o(Ts), (B1)
which is assumed to hold throughout this proof.

Consider term (P2)+(7.15):

1 1 1 1 2
P2)+(7.15) = ——My—— P — E . — E .
( >+( ) 2\/T 2 8T ; m?,t 2\/T ; (mzytlHTzfl’T)_FgT ; |: (m27t|HTzfl’T)i|

We want to show that (P2)+(7.15) can be approximated by
M, — E(Ma[Hr, 1) 5)
2VT T

In (14 zo) = log(1l +

where

K=¢ { My — B M, 1)) = Y | md, = [Blma M, )| }

For arbitrary A and B, a Taylor expansion gives:

oo (14 A A BY (A A2 B 1 A+ﬁ_32
o8 JT 2T 8T JT 2T 8T) "2\ T "or 8T
B 3
— _+___
3|\VT ' 2T 8T
DenoteC:%Q—g,then we have
C A B
1 N
og(1 + ﬁ +9) - 8T>\
A? 1 C.5
< _ﬁ+§(_T+T - ' (7.16)
_ lgz AC li _3 (7.17)
|21 T\/_ T3 \/_ '
el WHIWPHW3
< . 1
< const (H\/_H e +T\/T+ T3 (7.18)
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We apply this result to A = My — E(Ms|Hr, , ) and C'= K. We want to establish that
the expectation of the r.h.s. of (7.18) goes to zero uniformly.

3
. A
First we analyze Hx/_TH .

3

A 1
|| < const- | iz Il + B0l )
< const [ IV + s B |,

where the first inequality follows from Lemma 7.4 and the second inequality comes from
Jensen’s Inequality as the function f(x) = z3 is convex in R¥.
) 3

Then
3
3
- ||Lt_1||3)

A
Bl
H\/T

1
< const - T3/2E||M2H < const - T3/2 (

1 3
const - QT/QBI% B (Z 2.l )
t

1
const-jT/QBi-EZ ( 1!
t

B
= o(z:)

3
l£2) H < oo. Hence

3
T BS B}
ZE — :O(B_LTT??):O(TT%):()(D’
2/3

Moreover, from Holder’s inequality, we have
B4
-0 =
)=o)

ol <=5

C=_-__=—_=--___"= [m;t — [E(m2,t‘HT1‘717T)i|2i|
t

IN

IN

<1>H6
t

Now we analyze the term ||C]|*.

and

const - [HM2||2 + E*(| M| | Hr,_,y )]
const - [||Ms|]* + E(|Ma|* | Hry 7))

(VARVAN
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Again, the second inequality comes from Jensen’s Inequality.
Then we have

3
ICIF* < const <||M2||2 + B (M, 2) + 37 [l + [E(lmay] |HTH,T>]2]>
t
3
< const - ((Z Imaal)? + B Imaal) | Hayi2) + S (lmael® + Elmal rHTH,Tﬂ)
t t t

3
< const - (B + 1)3 (Z [Hmu”2 + E(Hm2t|l2 |HT¢_1,T)}>

< const-(Bp +1)* BLZ mas||® + E(||mag|® | Hr, )]

Therefore,

E|C|° < const (B, +1)°B} Y E|lma,]|°
t

B 1)3 6 12 6
< oot Py 5 (] 4 0]+ ] o)
t

= O(Br)
]| 12
7

t(l) < 00. Hence

E|C|? T 1
Z T3 =0 B—ﬁBu = 0(1)

Moreover by Holder’s inequality
2 2/3 8
E(C|* < (E|CI*)" = 0(B]).

Z%ZO<§ 7%QB>=O<B?Z>:0(1).

i

Hence

Now we analyze term H\%H el

(1) < ol
o()
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Hence ;E(H%H'@>:O<%):Om'

Now we consider the terms (P3) to (P10). Remark that (P3) to (P10) correspond to
Z;3 t0 ;10 in Lemma 7.7. From the Taylor expansion, we have

|z — log(1 + 2)| < const - 2°

We need to show that F'||z?|| converges to zero uniformly in 3. To do so, we use the

bounds given by Lemma 7.7. By Holder’s inequality, £ (HxHQ) <FE (Hx||4)2/4.

Term (P3):

1
E(||P3||2) = WE(H%%HQ)

1 1/2 B}
< m( L) :TT%7
T B} B3
2 BB < 5mhs =75
Term (P4):
1 B}
E(IRIF) < 7 (B)" = F5.
) T B} B}
2 BRI = g =7
Term (P5):
1 B?
E(IRIP) < 7575 (B = 5
B
DB < i
Term (P6):
1 B?
E(IBI7) < 7 B)" = 25

A

B
DE(IRIY) < g
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Term (P7):

1 12 BY
E(IP®) < 7 (B2) " =5
B5
ZE(HP7H2) < T11;2'
Term (P8):
1 B¢
E(IRIF) < 5 (B2)" =3
2 Bp
2 E(RIF) =
Term (P9):
1 B
E(IRIP) < 7 (81" =7
2 Bi
SRR < 2
Term (P10):
1 B
E(||P10||2) < ITZ( L)1/2:T_§’
B7
ZE(HPMJHQ) < ?L
Term (P11):

Z Myt €t7 gt: gta St

g My

because ||| < M.

Elmyl < EY+612 @M+ 4P @1 + 312 @ 1P + (W
4 2 1)2 1 2 2 1)4
< ([ o) e O+ s @]+ i)
< o0
(4) m||*
: ‘<oo,supE : H < 00. As

myy is a martingale, 7 Y ma4; = 0, (1) and hence
1
M = 0, (1)
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uniformly in .
Hence we have shown that Zf;Nl Z;‘F;THH (TEit (&) — TS (&) — ijl In(1+ xijt)> 5
0 uniformly in S.

We analyze the pure terms w.r.t. a;. We can do the same approximation as for the
terms in &, using the property that for T;11 >t > T;

lall =N (ne| Ho, )

by the property of geometric ergodicity of n,. Note that all the terms in 1/7 can be
neglected. For illustration, we treat the case of term (P9). Remark that

3

t—1
HLt—lHS = Z lgl) (as)
t=T;+1
3
< H (t—1T;)°
Tiy1 W Q) 41 Tiy1 X
= | < I I SN O I
t T;+1 t=T;+1
Tig1
3 \t—T;
< const? Z (t—T;)" A
t=T;+1
< const—.
Hence
1+1
T 1
D S ST ==

i t=T;+1

Therefore the term (P9) is negligeable. And so are the other terms in 1/7". The remaining
terms in « are (P1), (P2), (P3), (P5) and (P7).

Mixed terms:
The mixed terms are as follows:

2\/_ Z&ﬁﬁ/ \/—Z (&, &, 00) + 6\/_Zl (&, ay, )

2 terms 3 terms 3 terms
1 1 (4
+EZ (§t7§t7§t’at> 24TZ )(ft’fmahat 24T Zl 51&70‘1:70%70%)
4 terms 6 terms 4 terms

o1



For all the 4th-order terms,

1 o T 1
2B 2 W) < g

t=T;+1

1
M
R

( )

which converges to zero uniformly with the moment condition

l§4) ‘ < 00

For the 3rd-order terms, we apply the Bartlett Identity,
M® (a,b,¢) = 1¥(a,b, c)+1P(a, b)Y () +1P (a, ) IV ([B)+1P (b, )1V (a)+1D (a)ID () IV (c)

Hence the mixed-terms can be written as

1

7 2 (170 €+ 17161, 00)) (R1)
1
+ Y= Z Mt(g)(ah O, gt) + Mt(g) (Oét, £t7 gt)l (R2>
6\/773 3 t;;ms 3 t;;ms
ar jjf > (81 €017 (o) + 31 (€ )i ) + 317 (o a)(V(E)) (R3)
- = 3 (37 e €160 + 37 6) (R4)
- 6{‘;_ >34 (@t (&) (R5)
— = 20 (3 )+ 3176, €)1 ) (7.19)
The term (7.19) is rewritten in the following way.

_2(*/1_ > i (ama (€ &,) (7.20)
\/— Zl ()l 5t)Lt (&) (R6)
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Moreover, we have

1 S
_24_\/7732 Z l,ﬁl)(at)mz,t(&,ft)

i t=T;_1+1

= _24;\/773 Z i: lwgl)(o%)mz,t [(fta &) — B [(gt ® €t>|HTi*1’TH (R7)

i t=T;,_1+1
1 Tit1
—y7m 2 2 W e)ma [Bl(E @ &)Hnal — Bl& )] (RS)
v t=Ti+1
Tit1
-7 > U (ama E((6 © €) (R9)

4
2VT? i t=T;+1

Note that the sum in (R8) and (R9) is over T; + 1 to T;;4, this follows from a simple
change of indice (replace i by i+ 1). Each term (R1) to (R9) (denoted z for convenience)
can be approximated by terms In (1 + z). The terms E (2?) involve a; and hence their
sums converge to 0 uniformly in f3.

Step 3.

As exp (T'St) is Hor—measurable, we have

E [eXP (TST + (1 xij)) |H°’T}
exp (T'St)

T,

B J
[TITG+ay) |H0,T]
i=1 j=1

J is equal to 23, because there are 11 pure terms in &,, 6 pure terms in oy, and 6 mixed
terms. The product can be rewritten as H;le (1+zy) =1+ Z;}:l Tij + D TijTa +
Z#l# xijxuxip—i—...—l—]_[j:l x;; where each z;; is of the form T%J > Tije. Hence H}Ll (1+ z45)
is 1 plus a sum of terms of the form Hjed x;;, where d is a partition of 1,2, ..., J. Each of
these terms can be treated individually. We need to compute A; r and check Conditions
(7.4) and (7.5) in Lemma 7.2.

Consider the case >, a; > 1. Note that as soon as there are four terms, we have
Zjed a; > 1.5 (d is a partition of 1,2, ..., J with cardinal 4). By Lemma 7.7, we have

E Tijt
t

=K

4

E < constB;°.

Hence by Lemma 7.6, we have

T B  BY
S5 (H uxiju) <TBL_P o

jed

for By, = o (T%/3°) . For this choice of By, the conditions (7.4) and (7.5) are satisfied. If
there are more than four terms, the conditions (7.4) and (7.5) are again satisfied. Indeed
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by Lemma 7.7 and Holder inequality, we have

4

B
E (||lz5]) < constﬁ =o(l).

As ||oy]| and ||&,]| are bounded by M, there is an Hor— measurable set Ap, such that

|lzij]] <1/2 on Ap and P (Ar) — 1. Hence

||Az|| = E sz‘j szk;
jEd1 kedy
1
LIljeds

And the result follows from above.

|HT1'—1,T]

|HT1'—1,T] :

In the case where there are fewer than 4 terms but ) jea®j > 1, Lemma 7.6 shows
that the conditions (7.4) and (7.5) are also satisfied. This takes care of all the terms for
which Zjed a; > 1. The terms with Zjed a; < 1 are treated on a case by case basis

below.

1) Pure terms in &,
The x;; correspond to P, P, ..., Py, and T} :

Ly
Tyl = T1/4a
Tio = L0 1+ Ti21

My — E (Ma|Hr, | 7)
Tio0 = 2\/T )
1

8T

1
T2l = o [M2 - F (M2|HTZ-_1,T)}2 - 8_T ng,t - Z [E (mQ,t|HTi_1,T)]2
t
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_ 1 (1)
Tiz = — 2\47773 ; lt m?,t?

1 1)2
Ty = ﬁzt:lt()mzm

1
Tis = GWM&
1 1
Tie = _6_T¥l§ )m3,t,

1 (1) 2
Ti7 = _Wzt:lt Lt—l?
1
Tig = TZZ£I)2L?4,
t
1
Ti9 = ?th(l)L?_l,
t

1
Tilo = ﬁzt:lt(l)[/t—lmztv

Ti+1

> (B (mas|Hrx) — E (mas[Hor)]

t=T;+1

1
H 20/T
Note that x;1; is the only term for which the sum is over T; 4+ 1 to Tj;4.

(a) Terms for which 3, a; = 1.
Here is the list of such terms:

L4215
Tis + Ti0 + 1243,
Tig + Ti1T45,
Tig + Tig + TinTi7-
Terms x;01 :
A;
= LK (%21\HTZ~,1,T)
1
T 8T {E (L1 r) = B (M2|HTZ'*1’T)2 B Zt: E (m3,[Hr, 1) — Z & (m2,t‘HTi1,T)]2] }

t

1
— 8_T {Z E (mQ,tm278|HTi_1,T) - Z E (m27t‘HTi_1’T) E (m2’5|HTi_1’T)} .

t#s t#s

A, is a martingale in ¢ for t > s and in s for s > ¢. It is easy to show that Y, E'(A?) — 0.
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Term x4 + 2510 + Ti1243 ¢

Tig + Tio + Ti1 T3

1 (1)2 1 (1) 1 1)7(1)
= — Z Iy "moy + — Z i Li—amaoy — 5 Z 05 m
2T t 2T t 2T t,s
1
= 57 Z lgl)lil)m

t,s>t

1
Ay = =g 3 W m B (6,86 Hr 1)

s5,t<s

is a martingale in s. Using the fact that & < 4M?, we have

2
E(A}) = 4T22El (Zlﬁl)mz,t> E[E(fsfﬂHTFhT)Q}

t<s
) B 1/2
M
- (1)4 1) 2
< = s <;l m2t> E [E (& Hr 1) ]
B2
< constﬁzv(s Tiz1)
Hence B
Y E(A) ~ =0
Term Tig + Ti1Ts5 :
1
Tig + Ty = _6_Tzl ms + —Zl ms.s
t
i Z lgl)mii s T L Z lzgl)m?) s-
6T t>s ’ 6T t<s 7

We can treat separately the two terms on the r.h.s. They are both martingales. We get
the same rate as for the previous case.

Term T8 + Tig + Ti1Ti7 -

Tig + Tig + Ti1T47

= %Z W+ o Z 0L~ S, S
t s
= Zz Zl e

t<s
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A; is again a martingale, we obtain

E(A?) < const—ZE ll)2 (Zl L? 1) N\2=Tim1)

t<s
1/2
< const%z l(1 <Z[ Lf 1) \2(s=Ti-1)
s t<s
6
< constﬁ

Hence

ALY

(b) Terms for which . a; < 1.
The list of such terms is

Ti1,
X320,
T3 + Ti1T420,

Zi5,

X7,

Ti11-
Term z;; :

T.
1 ~ )
Til = 7 Z L (&)
\/T t=T; 1+1

Term x99 :

Ai =F [$i20|HTi,1,T] =0.

Term x;3 + x;12490 :

1
2\4/773 Z lzgl) <m2,s - F (mQ,SlHTFhT))
t,s

m?s - E (m2 S‘HT 1, T 2\/— Zl mZ,S‘HTi,hT)

1 (1)
Ti3 + TinTig = —2\4/173 zt: Iy "may,

o7



A; is a martingale.
Terms x;5 and x;7 :
A; is again a martingale.
Term Ti11 - Az = 0.

2) Terms in oy :
We have the terms x;1, 0, 3, T;5, Ti7, Tit11-
Term z;; :

i+1
Ai = Z l Oét |HT1 1T>
<\/_t Ti;+1

z+1

Oét|HTi_1,T)

t T+1

1+1

E (n,Hr,_,.1)

t Ti+1

because oy = E (n,|Hr, 1)
T;
LN o
4
ﬁ t=T;+1

1 i1

< TTZ(

t=T;+1

const Z \B

const T By
VT Br

By
= ¢T3
cons BL

||A2|| (nt|HTi—1vT)H

]

ElAl

VAN

BN
> E|A
i=1

IN

k

for any k. Hence 320N E ||A]| — 0.
The remaining terms can be treated similarly.

3) Mixed terms:
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(R1) We have

1
A, = _T Z E[l?) (Oft>£t> ’HTFhT}
t=T;_1+1
1
= — 1? (0, ® E (¢, Hr,
\/thz;_H ¢ ( t (£t| TthT))
= 0

because E (§t|HTi—17T) = 0. Hence, Lemma 7.2 applies.

Similarly, for (R3), (R5) and (R7), A; = 0. (R2) is a martingale and Lemma 7.3
applies.

For (R9), we can use the fact that E (£, ® &) is constant and E (oy|Hz,_, ) decays
exponentially. Indeed we have

7,+1

A' - (1 t i t t t
i 2\/_t;1l (u|Hr,_y 7)ma B (€ @ &,)]

7,+1

1A

IN

z,ﬁ“

[ma|| | E (| He,_y 1)

2v

z+1 )\BL
E|A;|| < const

§ : t Ti—
J— / 4 3'
t Ti+1 T

Hence the conditions of Lemma 7.2 are satisfied.

Yet, terms (R4), (R6) and (R8) remain and will be taken care of later.

For products of mixed terms such that > «; > 1, it is easy to check that (7.4) and
(7.5) are satisfied, since there is « involved.

4) Cross-products involving a; and &, :

Since the product has oy involved, as far as ) «a; > 1, conditions (7.4) and (7.5)
are satisfied. So we only need to concentrate on those terms with > «; < 1. They are,
i1 (&) i (o), 2in (§y) - mizo (), in (§4) - wina (), izo (&) - Tin (), waa () - R1, wina (&) - win (o)
and x;1(&,) - R1. A, is martingale in the first five cases. Hence we can apply Lemma 7.3.
We treat the first case in details and omit the other cases.

Term x;1 (&) - (o) :

z+1 Ti
(1)
zi1 () i (§) = _ E 7 (o) E
t T;+1 s=T; 1+1
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The associated A; is a martingale. We can apply Lemma 7.3. Remark that

E (at ® gslHTiflyT)

E[E(u|Hsr) @ & Hr,_, 7]
E [E (77t|HS,T) ® §s|HTv‘,—17T} )

|E (@ &M, r)|| < BB 0dH o) H 7]
< constA g (nTH, )
using ||&,|| < 2M. Hence we have
T
) > IV Hr o
s=T;_1+1
T;
< > )|
s=T;—1+1
T;
< const Z lt(l)lgl) N5 (/r]Tifl’"')'
s=T;_1+1
And
2
Tit1 T;
E(A?> < = Z EJE l ) Z lL(el) (55) |HT1’—17T
t T;+1 s=T;_1+1
const AL & 2
< Z Z \2t=9) {(lﬁ”lﬁ”) ]
t=T;+1s=T; 1+1
const 2 TZ“ il
< - (s H ) Z A2 +-T)
t=T;+1 s'=0
const 1
< .
- T (1—)\2)
Therefore

ZE(A?) — 0.

Now we turn our attention to the terms that are not martingales. Consider z;11(¢,) -

Ti1 (O./t).

1 Tit1

Ti11 =

2\/T t=T;+1

ﬂfill(ft) : lUil(at)
Tit1

= 2\/— Z Moy [B (& @ &\ Hnr) —

t=T;+1

Y [E(mauHa,r) — E (moy[Hor)]

7,+1

DS

s=T;+1

E(§ ©&)]
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For t = s, this term cancels out with (R8). For ¢t # s, we have a martingale and we can
apply Lemma 7.3.
Then consider z;;(&,) - R1. Using l§2)<05t, &) = i (&, o), this term equals

z+l 7,+1

7 2 Iet) 3 1
t=T;+

s=T;+1

For s > t, it is a martingale. And we know it causes no trouble as we can apply Lemma
7.3. So we consider

\/_Zl (00, €)Y 1V(Ey)

s<t

- Wzltm(at’gt)lt (&) (7.21)

\/_Zz (e, &) > 1(E,) (7.22)

s<t

(7.21) cancels out with (R4). (7.22) can be rewritten as

yl—s D1 €)1 (€)
- ¢—Z( 0, €) 1 () ® 1)) L (© (723

¢_ > 1 (0n) @ 1D () L (6) (7.24)

(7.23) is again a martingale which causes no problem. Finally, (7.24) cancels out with

(R6).
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Proof of Corollary 3.2.

By Lemma 4.5 in van der Vaart (1998), contiguity holds if £, (07) = dPy, 3/dPs, LU
under Py, with £ (U) = 1. From Theorem 3.1, we have

dPgT 3

/ p(\/—Zuuﬁ@T (M2t<50T>))gl

under F,.. From the CLT for m.d.s, it follows that

o Dt (3.60) £ N ()

under Py, where N ($3) is a Gaussian process with mean 0 and variance E (py, (3, OT)2) /4=
c(p, ) /4. Using the expression of the moment generating function of a normal distribu-

tion, we have
@) = e (S5 )enp (<52

Proof of Theorem 3.9 and Lemma 3.10
We have to analyze the difference between

Zr (5, 0r) = %iu (3,6r) 5 (1o, (5.67)° ——Zd’ (6r)+5 B ((d/zi” <6T>)2)

(7.25)
where
0 =0 +d/NT (7.26)

and d is chosen according to (3.30), and
TS1(0.0) = == 3 1 (8.9) = 72 (9 26). (7.27)

where € (3) is the residual from the OLS regression of S, <ﬁ, 9) on z§1) <9> :

In the theorem, we are only interested in integrals with respect to the measure J.
Moreover, this measure has compact support. Hence we can assume that the variable
is restricted to a compact set.

2
We can easily see that —1E (p,, (3, GT)Q) +3E <(d’l§1) (GT)) ) are continuous func-

tions of 6, converging uniformly in 3 to

—éE (o (3,60)°) + 5 B ((d’l§” (90))2) - (7.28)

62



=i (E50 0 0)) (5 Sm (05)106))

Denote y = i, (@), ry = lt(l) <9> ;Y= (y1,...,yr) and X = (x1,...,27) . Using these
notations, d = (X'X)" X'y and

L (001 (1)
= (y’y —y X (X'X)" X’?/) /T
. [I—X(X’X)*X’} y/T
= y'MxMxy/T
= (D) e@B)T

where Mx =1 — X (X'X )71 X' is idempotent. Obviously our assumptions guarantee the
consistency of the ML estimator. Then it is now an elementary exercise to show that

d(8) —d(5) (729)
and consequently
—— 1 1,
S DVEB) — 3By (00,5 — 5100 (7.30)
6 2
= lE (M —d/lﬁl)(90)> ] (7.31)
2 2
by (3.30). Hence it is sufficient for us to show that
1 « ~
> d/ ~ > 0
2\/—2,“% B, 0 Z 2ﬁ;MQ,t<ﬁ )

. N_Zuzt (8,67) — Zd’ (%;uu (5.9) —%;d’lﬁ” @)

converges (uniformly in ) to 0. So define the function

Y (5,0) f Z o, (B,0) % > i ). (7.32)

Observe that our conditions guarantee that the ML estimator is v/71" consistent. Hence it
is sufficient to show that for all M

sup ’YT (67 9) - YT (ﬂ) 90)’ — 0 (733>
B,l16—0ol|<M/VT
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Obviously Y7 is at least twice continuously differentiable as a function of 8, and we can
casily see that its second derivative is O(v/T). Hence to show (7.33) it is sufficient to
show that the first derivative is o(v/T) or equivalently

9 (1 1
90 \ ar Z f (8,0) — T Z d'l;7(0) | —0 (7.34)
=1 1=1

Remark 1. Here we will use “conventional” calculus for partial derivatives, because the
direct evaluation of the terms appearing in this proof is relatively easy.

Remark 2. Since the second derivative is O(v/T), and the range of the arguments is
O(1//T), the changes in the first derivative are O(1). Hence it is sufficient to show the
relationship (7.34) only for one value of 6.

Moreover, it is easily seen that these results prove the first part of Lemma 3.10. For the
second part, the CLT, we apply the proposition of Andrews (1994, page 2251). The finite
dimensional convergence follows from the fact that s, (3,6o) is a martingale difference
sequence and from the moment conditions imposed in Assumption 4, so that the CLT
for m.d.s. applies. The proof of stochastic equicontinuity can be done along the line of
Andrews and Ploberger (1996, Proof of Theorem 1).

Let wus first state a lemma. Its proof will be given after the proof of the theorem.
To simplify our notation: All of the subsequent statements about convergence
should be understood as uniform convergence in (5.

Lemma 7.8. We have

ol 1 ol
ar L5 s op)
t

1
T2
t
To establish (7.34), we have to show that
1 8/12775
2T Zt: 00

The average of the second derivatives equals the negative Information matrix,

T
1
- S ai® (9) S o. (7.35)
t=1

% Z 12 (0) 5 —1(0) (7.36)

and from Lemma 7.8, it follows that

1 aﬂz,t p ol
T zt: 50 TooU (/Lu, %) . (7.37)
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Then (7.34) is an easy consequence of the definition of d in (3.30).
We now have shown the first part of the theorem. It remains to prove the second part
of the theorem. Essentially we are establishing some kind of pivotal property of our test

statistic. T'Sp (5, ﬁ) is a function of the data alone, so its distribution is determined by
the underlying distribution of the data. We did establish that the process T'St (5, ﬁ)

converges in distribution, hence its probability distributions remain uniformly tight. For
every € > 0 we can find compact sets of continuous functions so that their probabilities
are at least 1 —e. The Arzela-Ascoli theorem characterizes the elements of compact
sets to be equicontinuous. Equicontinuity implies that we can approximate the integrals
[ exp(T'Sr(B, 01))dv(f,d) by finite sums Y v; exp(T'Sy(3;,0r)). Hence it is sufficient to

show that the distributions of the finite-dimensional vectors (TST(ﬁi,ég) 1<i<N >

are asymptotically the same for all § such that || —6y| < M//T for M arbitrary.
Asymptotically, the density between probabilities corresponding to parameters 6y+h/ VT,
0o + k/V/T is lognormal with mean O(||h — k||) and variance O(||h — k||?). Hence, for
every € > 0 we can find finitely many parameter values, say hy,..h; so that for every h with
|h]| < M, there is an h; such that the total variation of the difference of the probability
distributions corresponding to parameters 8 + h/v/T and 6y + h;//T is smaller than e.

Hence it is sufficient to show that the distributions of (TST(BZ-, 5;) 1<i<N ) are the
same when the data are generated by 6y + h;/ VT. To show this, we can apply Lemma

3.10. Under Py, the T'Sr(f3;,0r) are normalized sums of martingale-differences (plus
constants), and elementary calculations show that

dP0 T 1 T 1 2
1 othi/VT hAY (00) + =E (h'1Y (0 0. 7.38
R by, DOULH RS (n1" (07))" — (7.38)

Hence it can (from the multivariate CLT) easily be seen that the joint distribution of
TSr(5;, 5;) and the logarithm of the densities is a multivariate normal distributions. It is
easily verifiable that our construction of the T'Sr(8;, 5;) implies that asymptotically it is
uncorrelated and hence independent from the logarithm of the densities. Our proposition
is then an easy consequence of this fact.

So it remains to show the lemma:

Proof of Lemma 7.8. First we are rewriting a;;;‘ Here we omit the argument
E(n, @n,).
pog =17 + 10 @ 1 +23 10 9 1Y,
s>0
0 0 0?1 aly Ol 2?1 9%l 0l ol
P+ ol = — | -+ oo ) = b
00, 00, \ 00,00, 00,00, 00,00,00;  00,00,00; 00, 00,00,

. From the third Bartlett identity,

oL, o, &, ol ol &, . 0Ol ol Il
Mgp =t o+ + UL
' 00,00,00; 00, 00,00, ' 00;00,00; ' 96y, 00,00, 00, 06, 00y,
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. . . 1T —
is a martingale difference sequence and therefore >, | ms; = 0, (1).

0 1,2 1) 0 d o4, ol Ol ol
go,7 2 el = Z Z{am +aei87j}a_ek

1<~ 8%, +azt% l,
00,00, ' 96,00; | 06,

0% Oy , Ol 0%,
00,00; 90;  00; 00,00,

ol, ol 2
aek Zzaei 00, T2

—_
w
V
o
1 1

02l ol ol } Oly_

t=1 >0 00,00, 00,00, 06,
T
2 ol, 021,
T ; 2_ 56, 90,00,
=1 s>0
T
2 ol; Ol Ol
_TZZ 6, 90, 06,
t=1 s>0
== 2 alt 8lt alt s
- T £~ £= 00,00 06

t=

2
because 851(359_ + %Z% and % are m.d.s. Therefore, we have

02l 8lt ol gzzaztazm %+0P(1)

T
_ZaMQt _ _l

00, T — 00,00, 8(% 00; 00; 005 | 00y
ol

= =0 (s gy ) +on()

where cov denotes the empirical covariance. It is now an easy exercise to show that

— ol ol
cov (,u2,t7 3702) — Cov <M2 t) agi)

Proof of Proposition 5.1.

We do the proof for the case where S; takes two values only. The generalization to
three regimes is immediate. We use the following notation z; = In (7;) and w; = In (D;)
and we reparametrize slightly (5.3) so that

Zy = Qo+ a wy + Yy
!

Y = Qg -+ Zyst,jyt*j + &;.
j=1
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In the two-step approach, the parameters are such that

Z St_l‘yt 15 - ‘7@1)207
> G &P (S =il ) =0, j=1,.,1,i=0,1.

The last two equations are obtained using the expression of the score given by Hamilton
(1994, page 692) and the notation

& = Gi—bi— Y A i
i=1
Uy = 2 — Gy — AWy
= (Zt—2>—d1 (wt—@)

Note that there is a potential problem of identification as > 3, = 0 by construction.
Therefore, we do not estimate ay when we do global MLE, instead we demean the time
series z; and wy. To compute the global MLE, we use the equation

! !
(1 — Z%MLJ) (2t —2) = (1 — Z%m‘[’j) (wy — W) + ag, + &
=1 =1

Hence the conditional log-likelihood equals

lnf(zt|wt>zt—1awt 1y -+ Zlvwl;st)

— _111(\/_0)——{(1—273th3) zt—E)—al(wt—@))—ast}

Using Hamilton (1994)7 the scores can be written as

Z Z lnf Zt|wt72t 1, Wi— 17'-721>w1§5t>P(St:5t|Zt—1;wt—17mazlawl)-

t sg= 01

Hence we have

oL .
o - Z (St =i|lz—1, w1,y 21,w1) =0, 1 =10,1 (7.43)
oL
oy - _Z?/t —iEP (St =iz, wie, s 2,w01) = 0, j = 1,00, i =0,1(7.44)
i,J

As the relevant information (for S;) contained in o (z;_1,w;_1, ..., 21, w;) is the same as
that contained in o (g¢—1,...,91), (7.43) and (7.44) coincide with (7.41) and (7.42).
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8a Z Z ( E :”AYi,j (we—j — w)) ELP (Sy = ilz—1, i1, ooy 21, w1) = 0.
1 -
j

t 1=0,1
(7.45)
Note that 4, ; is selected so that (7.43) and (7.44) hold. (7.45) will be guaranteed if

ZZ (yt—@z Z%]yt ]> St—l|2’t 1, Wt—1, ... 7217w1) = (17-46)
t 1=0,1
Z Z (wi—j — W) E,P (Sy = i|ze—1, Wity ooy 21, w1) = 0

(7.46) holds if
d (w—w) G = 0 (7.47)

t

Z (wy — W) <0z1+2%]yt J> (Sy =ilzi_1, w1, .oy 21,w01) = 0 (7.48)

t 1=0,1
j’k: 1,..., Whereyzztyt/T-
(7.47) Zwt 9 —y)=0

& Zwt (2t —Z) — ay (wy —w)) =0,
t

corresponds to (7.40). The other equations overidentify the parameters but are satisfied
in large sample as long as w, is strictly exogenous. So far, we have shown that the two-
step estimators coincide asymptotically with the global MLE. Now we turn our attention
toward the independence.

To show the independence, we need to show that the Hessian is block diagonal. We
consider the Hessian for the true values of the parameters.

0°L 1 (
= —— ('LUt — @) — 2’727 (wt,]’ — w)) P (St = i|zt,1,wt,1, A U}l)
Oa10q; o2 - - J

O0?L
b [aalé?az} =0

because
E(wi—; —w) P (St = N zi—1, W1, ..., 21, w1)]
E[(wi—j —w) P (S = 1ys—1, .., y1)]
= LK [(wt—g - @) St]
= E(w_; —w)E(S)
= 0,7=0,1,...,1,
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assuming that w; is uncorrelated with v, ..., yr.

0L 1
= a4 = T 5 (wt - E) - Yik (wt—k - E)) yt_jP (St = i|2t—1>wt—1a vy 21, wl)
1 . )
= (we—j — W) e, P (S = i|ze—1, Wi—1, ..., 21, W1)
t
27,
gl 9L | _

In conclusion, a; is independent of (di, ﬁ”) if z; is strictly exogenous.

69



8. References

Andrews, D.W.K, (1993). “Tests for Parameter Instability and Structural Change Point”,
Econometrica 61, 821-856.

Andrews, D. (1994) “Empirical process methods in econometrics”, in Handbook of
Econometrics, Vol. IV, ed. by R.F. Engle and D.L. McFadden.

Andrews, D.W.K., Ploberger, W., (1994). “Optimal Tests When a Nuisance Parame-
ter Is Present Only under the Alternative”, Fconometrica 62, 1383-1414.

Andrews, D.W.K., Ploberger, W. (1995). “Admissibility of the likelihood ratio test
when a nuisance parameter is present only under the alternative”, The Annals of Statistics
23, 1609-1629.

Andrews, D. and W. Ploberger (1996) “Testing for Serial Correlation Against an
ARMA(1,1) Process”, Journal of the American Statistical Association, Vol. 91, 1331-
1342.

Bartlett, M. S. (1953a) “Approximate confidence intervals”, Biometrika, 40, 12-19.

Bartlett, M. S. (1953b) “Approximate confidence intervals, II. More than one param-
eter”, Biometrika, 40, 306-317.

Bohl, M. (2001) “Periodically Collapsing Bubbles in the US Stock Market”, forthcom-
ing in International Review of Economics and Finance.

Chesher, A. (1984) “Testing for Neglected Heterogeneity”, Econometrica, 22, 865-872.

Chirinko, R. and H. Schaller (2001) “Business Fixed Investment and “Bubbles”: The
Japanese Case”, American Economic Review, 91, 663-680.

Cho, J.S. and H. White (2003) “Testing for Regime Switching”, mimeo, UCSD.

Cox D.R. and H. D. Miller (1965) The Theory of Stochastic Processes, Methuen & Co.
Ltd, London, UK.

Davidson, R. and J. MacKinnon (1991) “Une nouvelle forme du test de la matrice
d’information”, Annales d’Economie et de Statistique, N. 20/21, 171-192.

Davies, R.B. (1977) “Hypothesis testing when a nuisance parameter is present only
under the alternative” Biometrika, 64, 247-254.

Davies, R.B. (1987) “Hypothesis testing when a nuisance parameter is present only
under the alternative” Biometrika, 74, 1, 33-43.

Diba, B. and H. Grossman (1988) “Explosive Rational Bubbles in Stock Prices”, Amer-
ican Economic Review, 78, 520-530.

Doukhan, P. (1994) Mizing: Properties and Example, Springer-Verlag, New York.

Evans, G. (1991) “Pitfalls in Testing for Explosive Bubbles in Asset Prices”, American
Economic Review, 4, 922-930.

Garcia, R., 1998. Asymptotic Null Distribution of the Likelihood Ratio Test in Markov
Switching Models, International Economic Review 39, 763-788.

Hall, S., Z. Psaradakis, and M. Sola (1999) “Detecting Periodically Collapsing Bubbles:
A Markov-Switching Unit Root Test”, Journal of Applied Econometrics, 14, 143-154.

Hamilton, J.D. 1989. “A new Approach to the Economic Analysis of Nonstationary
Time Series and the Business Cycle”, Fconometrica 57, 357-384.

70



Hamilton, J.D. (2004) “What’s Real About the Business Cycle?”, mimeo, University
of California, San Diego.

Hansen, B. (1992) “The Likelihood Ratio Test Under Non-Standard Conditions: Test-
ing the Markov Switching Model of GNP” | Journal of Applied Econometrics, 7, S61-S82.

Lang, S. (1993) Real and Functional Analysis, Springer-Verlag, New York.

Lee, L-F. and A. Chesher (1984) “Specification Testing when Score Test Statistics Are
Identically Zero”, Journal of Econometrics, 31, 121-149.

Lucas, R. (1978) “Asset Prices in an Exchange Economy”, Econometrica, 66, 429-445..

Murray, M.K and J.W. Rice(1993): “Differential Geometry and Statistics”, Chapman-
Hall, London.

Pagan, A. and K. Sossounov (2003) “A simple framework for analysing bull and bear
markets”, Journal of Applied Econometrics, 18, 23-46.

Psaradakis, Z., M. Sola, and F. Spagnolo (2001) “A simple procedure for detecting
periodically collapsing rational bubbles”, Economics Letters, 317-323.

Shiller, R. (2000) Irrational Exuberance, Princeton University Press, Princeton, New
Jersey.

Strasser, H. (1995) Mathematical Theory of Statistics. Springer Verlag, New York.

Taylor, M. P. and D. Peel (1998) “Periodically collapsing stock price bubbles: a robust
test”, Economics Letters, 61, 221-228.

van der Vaart, A.W. (1998) Asymptotic Statistics, Cambridge University Press, Cam-
bridge, UK.

van Norden, S. and H. Schaller (1993) “The Predictability of Stock Market Regime:
Evidence from the Toronto Stock Exchange”, Review of Economics and Statistics, 75,
505-510.

van Norden, S. and R. Vigfusson (1996) “Avoiding the Pitfalls: Can Regime-Switching
Tests Reliably Detect Bubbles”, Studies in Nonlinear Dynamics and Econometrics, 3, 1-
22.

White, H. (1982) “Maximum Likelihood Estimation of Misspecified Models”, Econo-
metrica, 50, 1-25.

Yao, J.-F. and J.-G. Attali (2000) “On stability of nonlinear AR processes with Markov
switching” , Advances in Applied Probability, 32, 394-407.

71
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40 50 60 7O 80 90 100
T T T T T T

30
T

_ - - — — 5% level Garcia
g 10% level Garcia
i - «—.. 5% level CHP
-~ — - - 10% level CHP

10

o L L L

0 1 2 3 4

Figure 8.1: Comparison of size-corrected powers

power function —— linear model with intercept itn=1000 T=100
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Figure 8.2: Linear model with intercept
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Figure 8.3: ARCH(1)

power function for IGARCH(1,1) itn=1000 T=100
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Figure 8.4: IGARCH(1,1)
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